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1 Learningpliant operator

Recall Dombi operator[2]

o(z) =o(xy,...,z,) = L s
)
x; € [0,1] If @ > 0theno(zy,...,x,) is a conjunctive operator, and
if « < 0theno(zy,...,z,) is a disjunctive operator
anda # 0
From (1)

(550 =2 ()

=1

Let us suppose, thatis known. (In most cases is = +1)

In the pliant concept we use the Dombi operator with sigmoittfion

SOO'Z'(t) =x;

Substituting (3) into (2)

(1)

(2)

@)



whereq; = e*i% anda; = —a ),

2 Interpolation sum of exponential functions

Our task is now to approximate or interpolate the followingdtion:

Sp(t) = alealt ‘l‘ azeazt + L. ‘l‘ aneant (4)

Let us given (t1, 1), (t2,92), - - -, (tan, y2,) (@nd let us suppose that the abscissas are equidis-
tanti.e t;,,,—t; = h,i=1,2,...,2n — 1). First we deal with the interpolation case. Because
in (1) we have2n variables(ay, as, . . ., an, aq, s, . . ., a;,) We have to giv@n equations:

Y1 = a1 + a0e®™ + . 4 a,e*

t t t
Yo = a1 4+ a0e™*? + ...+ a,e""?

(5)
Yon = @112 4 ape®2 4 4 q,etn i
Let us introduce new variables:
P = ape™® |z =eh k=1 .n. (6)
Using this notation one term is in (4):
ape®i = qper T — g earty(garhyi=l — 3=l (i =1 2n),(k=1,...,n).
Now (5) has the following form and we get the equations:
Yi=p1+tp2+pP3+...+Dy
Y2 = D121 + P222 +P3z3 + ...+ Pn2p
Ys = P12 +pazs +p3zi + ..+ puzi ,
Ya = P17; + pazs + pszi + ..+ oz (7)
Yon = pr1ap 4 pazat T pgad T 4+ et

wherepy, pa, p3, . . ., P, @Nd2zy, 29, 23, . . ., 2, @re2n unknown quantities.



3 Ramanujan solution

Ramanujan find an interesting solution of (7)[1]. In thedaling we make a detailed construc-
tion of the proof. It is easy to verify that

y4! 22
= 0 0
1—0s p1+ p1z10 + p12760° +
b2 . 202
= pa + Pazal + pazy0° + ...
DPn - 22
——— =Dp +Dn2nl + ppz 07+ .
1—-0z,

The sum of (8) is:

¢(0) = 1_]91'924 = Zpi+92pizi+922pizf+...

Using (8) we get:

o0) =) 1 _piez‘ — 4 Oyp + O%ys -+ Oy A Oy 9)

i=1

The left hand side of (9) is a rational expression, and whengimplified, then its numerator
is an expression of theg: — 1)-th degree irg, and its denominator is an expression of thth
degree ird

O B B L = ke = bt = )

i=1
Y1+ Y50 + Y302 + -+ V0"

- =1 + Y2l + y360® + - - -+ Yo, 027,
1+ 7210+ Z502 + Z303 + - - - + 7,07 Y1+ Y20 + Y3 Yo

and so

(1+ 2,0+ 220 +. . 4 Z,0™) (g1 + 120+ y30? + . . A 10,0*" 1) = Vi +Yo04+ Y30 4. .+ Y, 0"

Equating the coefficiens of the powersthfve have

Yi=u
YYo=y +uny
Y3 =ys+ y2Z1 + 1122 (11)

Y, =Yn +Yn-121 + yYn—olo+ -+ 14,1



and

Ozyn+1+ynzl+"'+ylzn
0= Yn+2 + yn-l-lZl + -+ yZZn
0= Ynts + yn-l-ZZl + -+ ySZn (12)

0= Yon + y2n—1zl + -+ ynZn

From (12) 7, Z,, ..., Z, can easily be found, and singg, Y5, ...,Y,, in (11) depend upon
these values they can also be found.

Now, our task is splitting

»(0) = ~ p VYl Y34 Y
- = 10 1+ 200+ 2902 + Zs03 -+ Z,00
(whereYs, ..., Y,, Z,,..., Z, are known) into partial fractions, i.e.
q1 q2 qs Gn
9 = DY
¢(0) 1—r19+1—7“29+1_7"39+ +1—rn9’

and comparing with (1), we see that
P1 = 41,21 = T,

P2 = G2,22 = T9;

P3 = (43,23 = T3;

Pn = 4n, 2n = Tn-
which is the desired solution.
The question, how we can get this partial fraction form.

The denominator of (10) is:

n

D(0) =1+ Z,0 + Zot® + -+ + Z,0" = [ [ (1 — r:6)

i=1

Let us substituded = %

1 1 1
1+Zlg+22?+"‘+zn£_n:(1_T1_)(1_T2_>"'(1_T”



Multipling both side by”

DY) =€"+ 28"+ + Zn =[] (€= 1)

From D(6) we build D*(¢) polinom, and the roots ab* are ther;.

The nominator of (10) is:

Nw)zﬁénm;uzﬁéﬂﬂiﬂu—em):

i—1 1— 97’2'

p1(1—re0)(1 —r30)...(1 —r,0)+
—l—pg(l — 7’19)(1 — 7’39) Ce (1 — ’f’ne)“—
+p3(1 —r0)(1 —120) ... (1 —r,0)+

+pa (1 —=120)(1 —1r30) ... (1 —1,_10)
=Y+ Y0+ Y30% + ...+ Y07}

From this we get the following linear equation systems:

Yi = Zpi
Y, = ZPiZTj

177,
Y; = Zpi Z 5Ty
i#], ik, j#k
Y, = ZpiHT’j
7]

From (14) we gep;.

p; can be determined by equation of (7)
if p; is given
Di

etiti

a; =

(13)



4 Ramanujan’sexample

As an example we may solve the equations:
r+yt+z+uvtu=2,

pr + qy + 1z + su+tv = 3,
p*x + ¢y + 1’2 + s*u + tPv = 16,
pPr+ Py + i + sPu+ P = 31,
ple + ¢'y + iz + stu + tho = 103,
Pox + Py + 102 + sSu + tOv = 235,
p°r + ¢y + %2 + s%u + t% = 674,
pr+qy+rz+sTu+tv=1669,
P’z + ¢y + 182 + sPu + t5v = 4526,
p’r + ¢y + 122 + s%u + t°v = 11595,
wherez, y, z, u, v, p, q, 1, s, t are the unknowns. Proceeding as before, we have

x n Yy n z N u N v
1—-6p 1—-6qg 1—-6r 1—0s 1-—06t

= 2+ 30 + 160% + 316 + 1030* + 2350° + 6746° + 16690” + 45266° + 115956° + ...

By the method of indeterminate coefficients, this can be shtovbe equal to

240+ 307 +26%+ 04
1—60—5602+03+304—6>

Splitting this into partial fractions, we get the valuestod unknowns, as follows:

3
= —— :—1
x 57p M
C18+VE 3+4V5
y_ 10 7q_ 2 9
18— 5 3—+5
Z: 7’[": s
10 2
_ 8+WV5 S_\/S—1
2\/57 2 )

8—\/5t NGRS
v = ,t = .
24/5 2




5 New solution

We start with (7):

Y1=p1+p2+ps+...+pn
Yo = P121 + P2zo +P323 + ... + Puin
Ys = P127 + pazs + P32 + ...+ a2

Yo = P12} + pazs + P32 4.+ oz (14)

2n—1 2n—1

Yon = D121 + 225 o=t

2n—1
+ p3z3

+ ...+ DPnz,
Let us build the polinom

M2 b el 45, =0 (15)

The roots of (15) arey, . . ., z,. The following wellknown identities are valid.

81:—2 Zi
SS9 = E ZiZj

sn = (=1)" szj (16)

Based on (14) we show that:
Y18n + Y2Sn—1+ ... + YnS1 + Yny1 =0
Y2Sn + Y3Sn—1+ -+ Ynt151 + Yni2 =0
(17)
YnSn + Yn+15n-1 + o F Y181 T Yo = 0
Thek™ rowis in (17):
YkSn + Yk+15n—1 + Yk42Sn—2 + - - + Untk—-151 + Ytk = 0
Using (14):
5n Zp,-zf_l + Sp_1 Zp,zf +...+58 Zpizf”rk + Zpizf““‘l =0
Let us find the coefficient af;:

pj(snzf_l + sn_lzf +...+ z;”k_l) =0



because (15) is valid.

From (17) ifyy, ..., 40, are given we can ge. If s; is given, then the roots of (15) are the
solution forz;.

ani

Qy = h (18)

If z; are given, then from (14) we ggt.

6 Approximation sum of exponential functions

Now we have more than points:

(t17 y1)7 (t27 y2)7 ceey (tma ym)

and
(,O(t) = 0,16041t + a26a2t S ameocmt

Suppose that the abscissas are equidistanti.e— t; = h,i = 1,2,...,2n — 1, andm > 2n.
We build the polinom (15) and using the same construction:
Y1Sn + Y2Sn—1+ ... + YnS1 + Yny1 =0

Y2Sn + Y3Sn—1 + ..+ Yns151 + Yny2 = 0
(19)

YnSn + Ynt1Sn—1 + - .. + Ym—151 + Ym = 0

we get it instead of (17).

The A matrix of (19) and the constant vector

n Y2 <o Yn
A y'z y's . yn'—i-l
Ymn—n Ym—-n+1 -+ Ym-—1
hn
b=|:

Yn



The best approximation of (19) is based on the least squaiteoche

(ATA)s + ATh =0 (20)

The solution of (20) gives thewalues: If sis given we can determine (15), and the roots of
(15) are they; values, and based on (16) can be determined.
Now we have to find the;-values. We use also the least square method:

(et —pi) =D O aet —y;)? (21)

=1 ‘7:1 =1

The matrix is:

€a1t1 ea2t1 o eantl

evtz a2tz gant2
F =

al1tm a2tm antm

And theb = (y1,...,Yn)

The best approximation of (21) is:

(F'F)a+ F'b =0

where a is unknown.



0,2

-0,81

-1,0

Figure 1:4(x) = (20.09¢” — 13.03e™" — 4.481e5® + €™ 4-0.0608¢4*) 1073
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