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Abstract

This paper presents an examination which relates the sensitivity of therLinea

Matrix Inequality based control design to the type of created convex kiithed

by the Polytopic Model. We examine the aforementioned through the caterol
sign of the Parallel type Double Inverted Pendulum. We use the TP maahs}tr
formation to derive various convex TP models of the Parallel type Ddubézted
Pendulum. Then we base the design on the feasibility of Linear Matrix hiitigs
derived under the Parallel Distributed Compensation based contighdeame-
work. Finally we use numerical simulation to compare the resulting consrébp
mances.

1 Introduction

In the paper we examine the relationship between the typeonfex hull and
the feasibility of the Linear Matrix Inequalities (LMIs) deed under the Parallel Dis-
tributed Compensation (PDC) based control design framevigaised on comparisons,
the paper concludes that the feasibility of the Linear Malinequalities (LMIs) and
the resulting control performance is very sensitive to gpetof convex hull derived.
We examine this relationship via the control of a Parallpktypouble Inverted Pendu-
lum (PDIP) system. The system consists of two pendulums, aifferent lengths and
weights, and a cart, on which a force acts as the actuatoi~igeee 1). The control
goal is to stabilize the pendulums in an upright position.

1.1 Proposed control design

We propose a mathematically non-heuristic, tractablerobdesign. This solution
is based on numerical steps that can be executed autorhatiédl minimal human
interaction in reasonable time.

First we derive the dierential equations of motion via the physical consideretio
of the system and derive its quasi LPV (qLPV) state-spaceeindd the second step
we execute the Tensor Product model (TP model) transfoomadi have such a poly-
topic representation of the gLPV model whereupon Paraligiributed Compensation
(PDC) design can immediately be executed. We derive fdiierdint convex type TP
polytopic models with minimal complexity (e.g. with minilaumber of LTI ver-
tex components), where the LTI vertex components deterai@®&O (Convex NOTr-
malised) type tight convex hull of the system. In this regdidt we show that the
PDIP can exactly be given by a TP type polytopic model withimal (144) number
of LTI vertex systems.



In the second step we derive a controller including decay cantrol design (find-
ing largest Lyapunov exponent) that guarantees asymptafility and constraint on
the control value. We base the design on the feasibility ofehir Matrix Inequali-
ties (LMIs) derived under the PDC control design framewadposed by Tanaka and
Wang [1]. We examine several CNO type tight convex hulls,@wm@inine the feasibility
of the corresponding LMIs.

2 Notations and General Principles

The purpose of this section is devoted to introduce the h@siciples used in the
current control design, and also, the notations utilisetiénarticle.
2.1 Nomenclature

e ab,...: scalar values;

e ab,...: vectors;

e A,B,...: matrices;

o A, B,....tensors;

o R I2x.xIn: yector space of real valueth (x 1> x ... x ly)-tensors;

e A*: the pseudo inverse of matrix

e Am: n-mode matrix of tensafl € R+ 12 - I

e A xy U: n-mode matrix-tensor product;

o rank,(A): n-mode rank of tensaf, that isrank,(A) = rank(An);
N

e A xlUn: multiple product asA x; Uy X, Us X3... XN Uy;
n=

e Subscript defines lower order: for example, an element ofixat at row-
column number, j is symbolized asA); j = & ;. Systematically, théh column

vector ofA is denoted as;, i.e. A = [al a
e (ijn,.... areindices;
e ()1.an,- ... index upper bound: for examplé:= 1.1, j = 1.3, n = 1.N or
in = 1..In.
2.2 Definitions
Consider the following linear parameter-varying (LPV)tstapace model:
X(t) A(p®)x(t) + B(p()u(t), 1)
y(t) C(p(®))x(t) + D(p()u(t),

with inputu(t) € R¥, outputy(t) € R' and state vectox(t) € R™. The system matrix

_ [A(p®) B(p(1) (MmeRx(msl)
S""“”‘(C(p(t» D(p(t)))eR @)



is a parameter-varying object, whgré) € Q is a time-varyingN-dimensional param-
eter vector, and is an element of the closed hypercube [ai, bi] x [az, by] X - -+ X
[an, by] € RN. Parametep(t) can also include some elementsxgf), in this case it
is termed as quasi LPV (qLPV) model. Therefore this type ofledds considered to
belong to the class of non-linear models.

Definition 1 (Finite Element polytopic model) :

R
S(P®) = > w(p(t)S:, 3)
r=1

S(p(t)) in (2) is given for any parameter vectgt) as the parameter-varying com-
bination of linear time-invariant (LTI) system matricg€s € RMW*(M) aiso called
vertex systems. The combination is defined by the muliblariweighting functions
w;(p(t)) € [0, 1]. Finite element means that R is boundBdk o).

Definition 2 (Finite element TP type polytopic model) : We say TP model for brevity.
S(p(t)) in (2) is given for any parametqy(t) as the parameter varying combination of
linear time-invariant (LTI) system matric&,,. i, € RMk>m+:

11 P In

N
SP®) = D20 D [ [ Wi ()i @)

i1=1i2=1 iN=l n=1

that is with compact tensor notation:

S(P()) = S & Wn(Pn(1), (5)

where the (N-2)-dimensional coficient tensorS e R'v<I2x-Inxmkx(m) i con-
structed from LTI vertex syster8s, i, and row vectomw,(pn(t)) € [0, 1], (in=1...1n)
contains one variable and continuous weighting functiong (pn(t)) € [0, 1], (in =
1...1y). The function w;, (pn(t)) is the -th weighting function defined on the n-th
dimension of2, and py(t) is the n-th element of vectp(t). Note that the dimensions
of Q are respectively assigned to the elements of the paramet¢éonp(t).

Remark 1 TP model (5) is a special class of polytopic models (3), wteraveighting
functions are decomposed to the Tensor Product of one Jarfahctions.

Definition 3 (Convex type TP model): The TP model (5) is convex if the weighting
functions satisfy

Vn, i7 pn(t) : Wnl(pn(t)) € [O’ l]’ (6)

In
v, pa() © > Wai(pa() = 1
i=1

Definition 4 (NO/CNO type TP model) The convex TP model is a normal (NO) type
model, if itsw(p) weighting functions ar&lormal (NO) that is, if it satisfies (6) and the
largest value of all weighting functions is 1. Also, it@G¥ose to NOrmaif it satisfies
(6) and the largest value of all weighting functions is 1 arsg to 1.



Remark 2 Let us introduce a geometric interpretation to the concelgfined above.
We have a parameter-space in which each point can be intieghras an LTI vertex
system. With the introduction of the previous concepts, areimagine the vertex
systems of the Convex TP model as the convex hull of the syst&ir S(p(t)). This
means that we can represent eagystem matrixS(p(t)) in the parameter-space as
a linear combination of these vertices. Furthermore, ibthull is NQCNO type, it
follows that in those points, that the weighting functiorligor is close to 1), the
system matrix takes on the value of the specific vertex syhsanis related to that
weighting function (or is very close to it in th€&-norm).

Remark 3 Various further types of convex TP models are defined in pa2eB].

3 Parallel type Double Inverted Pendulum system

This section is divided into 3 parts. The first part deals \tlith presentation of the
PDIP system. In the second part, we derive the dynamic emsatf the system, and
in the final part we present the equations of motion in a gLRYhfo
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Figure 1: PDIP (Parallel type Double In-
verted Pendulum) system

3.1 Description of the PDIP

The PDIP system is shown in Figure 1. The system consists téiglst line rail,
a cart attached to it, a longer (1) and a shorter (2) pendultihe cart is driven by
an actuator forceK), and is able to move sideways. The force moves the cartysolel
in 1-Dimension. We assume homogenous weight distributiazaich component. We
also disregard friction. The length and mass of the pendsilara dfferent, so they
have diferent dynamics which enables control of the system to ainetegree. The
usedp(t) € Q and notations of PDIP are given in Table 1.

3.2 gLPV model of the PDIP
We express the required system matrix:

S(p(®) = (E*Pp®AP®L) E(p®)B(E®) = (AP®) BE®))  (7)



Table 1: Parameters of the PDIP model

Symbols Values Unit

Description

Me 1 kg mass of the cart

X m  horizontal position of the cart

my 0.3 kg mass of the 1st pendulum

n, 0.1 kg mass of the 2nd pendulum

I 0.6 m  half length of the 1st pendulum

P 0.2 m  half length of the 2nd pendulum

i rad angular position of the 1st pendulum
@ rad angular position of the 2nd pendulum
F N  actuator force on the cart

g 9.81 ¢  standard gravity

AP®)11 =APM)12 = AP®)1z = A(P1))1s = A(P(t)16 =0

A(P(t)21 = A(p(1)22 = A(P1))23 = A(P(t))24 = A(p(t))26 = 0

APM)z1 = A(p(t)z2 = A(P1))sz = A(P(t))zs = A(P(t))ss = 0
A(P(t)aa = A(p(t)sa = A(p(H)es =0

AP®)14 = AlPM)25 = A(p(t)zs = 1

A(p(1))az =

A(p(1)az =

A(p(1))as

A(p(1))as

A(p®)s2 =

_mgsin(ay(t)) cosg(t))

a1(t)As(t)

_ Mg sin(ax(t)) cosira(t)

az2(t)As(t)

_ Amylyas(t) sinfa(t)

3 As(t)
_ 4 myloas(t) sin(ea(t)
3 As(t)

(M + my + Ax(t)) gsin(aa(t)

Ap())es =

121 () As(t)

(M +mp + Ag(t)) gsin(aa(t))

l2a2(t)As(t)

_ 3mgsin(az(t)) cosa(t)) cosg(t))

AP®)ss = 5

A(p(t))e2

l1a2(t)As(t)

_ 3mgsin(aa(t)) cos(t)) cosgr(t))

4
A(p1)ss =

A(p(t)es =

|21 () As(t)

_ Muay (1) sinfaa(t)) cos(t)

As(t)

_ Mpap(t) sinfaa(t)) cosea(t))

As(t)



_ Mplaan(t) cosg(t)) sinfea(t)

Ap(t)ss =

11A3(t)
A - - PO SO cost0)
B =[0 0 0 igdy - -] ®)
where:
MO = (1= coS()m,
n) = (1= coS(ea))m ©)
Ast) = g(M+A1(t)+A2(t)).

4 Determination of several CNO type TP models

In this section we execute the TP model transformation ot/ model of the
PDIP system (7-9). We derive 4ftBrent CNO type TP models, and we examine the
feasibility of the corresponding LMls.

4.1 Determination of the CNO type TP model

In the following we detail the steps of the TP model transfation we apply to
the PDIP system. Note that these steps can automaticallydeaited by computer via
numerical algorithmshittp://tptool.sztaki.hu/).

4.1.1 The parameter space&)

First we determine the parameter space of interest wherBIhe system varies
nonlinearly. Namely we define the intervals of each parametieles such as:

/12 n/l

-n/12 n/12
- 7T |
- Vs

Q=

Note that these intervals can be arbitrarily defined fromviberpoint of numerical
execution of the TP model transformation.

4.1.2 Determination of the TP model with minimal components

According to the algorithm of the TP model transformatiorstfive discretize the
system matrixS(p(t)) of the PDIP system over an equidistant rectangular gri€.in
Then we execute Compact Higher Order Singular Value Decsitipo (CHOSVD) to
find the minimal number of weighting functions, hence theewesystems of the TP
model. Let the discretization grid bd x M x M x M whereM = 50 in Q. Then we
compute the system matrix of PDIP over each grid point, andtate the resulting ma-
tricesSﬂj’kJ, (i, j.k,1 = 1...M) in tensorSY, where superscript 'd’ means discretized.



This step yields tensaB? e RO*50x50:50<6x7(Note that the size of the parameter de-
pendent system matri@(p(t)) is 6 x 7). The rank ofS® on the first four dimensions
are 6,6,2 and 2 respectively. From this we conclude that ti®/qmodel of the PDIP
can be represented by a TP polytopic model where the miniomaber of the vertex
systems are & 6x 2x 2 = 144. We execute CHOSVD [4] on the first four dimensions
of S¢:

d_ 4
S'=8x U,
n=1

Here tensol € R&6*2x26x7 contains vertex systenSsj (i=1...6,j=1...6,k=
1...21=1...2).

4.1.3 CNO type TP model

According to the concept of the TP model transformationctiiamns of the matri-
cesU, determine the discretized weighting functions, namekyvdlues of the weight-
ing functions over the discretization grid. According tofidéion 3 of the convex TP
model, the sum of the weighting functions must be 1 over amgirpater values, and
their values must not be negative. This means that the suheabtvs of matricet),
must be equal to 1 and their elements must not be negativeT Fimodel transforma-
tion is capable of transforming

4
S & U,
n=1
to
4 4
S ® U,=8 = US°,
n=1 n=1

in such a way, that the sum of the rows of matri¢#g® equal 1 and their values
are not negative. Superscript 'CO’ denotes 'COnvexity’ edDefinition 3). Since
this transformation is not unique, we can define various inet)$°. We select the
CNO-type (Close to NOrmalised) transformation here frofy f2at guarantees, that
as many columns of matricé$S© as possible contain element 1 and the maximum
of the rest of the columns get close to 1. This actually guaesthat whenv, is
generated front,,, later as many weighting functions as possible achievedttarest
of them get close to 1. Since the weighting functions defieectinvex hull, the CNO
type weighting functions determine a tight convex hull of il systems where as
many of the vertex systen$ as possible will be equal to the parameter dependent
system matrixs(p(t)) of the PDIP over certain parameter veqgigr) and the rest of the
SC’\l‘(? get close to the system matrix of the PDIP in the sensé&afiorm. For further
detalls about CNO transformation and geometrical disonsske refer to papers [2, 3].
The type of convex hull defined by the polytopic model consitiyy influences the
feasibility of the LMI based control design and the resgitaontrol performance, see
later. In conclusion the resulting decomposition with tiédtransformation is:

sd = CNO ugne,

n=1

4.1.4 Determination of the weighting functions

According to the concept of the TP model transformation weerically recon-
struct the weighting functions from matri¥$N°. The weighting functions can be
determined over any points by the help of the gig¢p(t)).

The resulting weighting functions are depicted in Figuré 2-



Weighting functions of TP Model 1: Infeasible LMIs

Figure 2: Weighting functions resulting Infeasible LMISNO type TP Model 1 and
2)

Weighting functions of TP Model 3 : Feasible LMIs

el 4 : Feasible LMIs
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Figure 3: Weighting functions resulting Feasible LMIs (Cl§@e TP Model 3 and 4)

4.2 The resulting CNO type TP models
The resulting TP model of the PDIP system is:

X(1) _ 4 (1)
o) =5 koo () (10)
Without tensor operations it takes the form of:
: 4 4 2 2
(38) =30 wENOUGn)WE N U xa(O)WE N Axs WG N X6 (D) (A aX() + By jrau(t)).
i=1 j=1 k=1 I=1

(11)
First, we generate threeffBrent weighting function systems (see Figures 2-3). Sub-
sequently, to generate Model 4, we arbitrarily choose 2 rs¢paveighting function
bundles from dierent models (Model 1 and Model 3) on seperate dimensiork, an
we utilise them in the same design. For this new model we havedalculate the
corresponding core tensor.



Weighting functions of TP Models 1-4

e

Figure 4: Weighting functions af; anda; for CNO type TP Models 1-4

In order to conclude this section, we should emphasize teaeall the above steps
can be readily executed via numerical steps automatidadhyy(: //tptool.sztaki.hu/).
The result is a non-linear TP polytopic model, that defindgtat (CNO type) convex
hull (in order to decrease the conservativeness of the @odésign) and hence, it is
ready for LMI control design.

5 Feasibility of the LMI based design

First of all we specify the desired control performance. \We & robust control
design strategy. We design asymptotic stability with deg control (finding the
largest Lyapunov exponent) to have a fast controller and awe ltonstraints on the
control value( = 40N) according to physical considerations.

Our control design is based on LMIs developed under the P@@dwork. The
key idea of the PDC framework is that the non-linear corgrdilas the same polytopic
structure as the model has. In our case it means that theotlentras the same CNO
type TP form, namely, the same weighting functions as thealtvak. Thus, we search
the feedback gains; ji over the weighting function system of the TP model as:

6 6 2 2
u®) = - > > > T wENWENCIWE R CIWENCOF )x(t),  (12)

i=1 j=1 k=1 1=1
that is with compact tensor notation:

u() = =7 & WEN(pu(O)X(0). (13)
n=
Thus, we readily substitute the vertex components of thexetn into the follow-
ing LMIs.
Theorem 1 (Decay rate control) Assuming convex type TP Model (10) and controller
(13), solve:

maximizex subject to
X,My,...,Mg

X>0
~XAT —AX+M]B] +BM,; - 22X >0 (14)
~XAT - AX - XAT ~AX +MIB[ + BMs+ M[B! + BM, — 40X >0



forr < s < R, except the pairgr, s) such that/p(t) : w;(p(t))ws(p(t)) = 0, and where
the feedback gains are determined from the solutradM, by

Fr =M, X1 (15)

Theorem 2 (Constraint on the control value) Assume thalix(0)|l. < ¢, wherex(0)
is unknown, but the upper bougds known. The constrainu(t)|; < u is enforced at
all times t> 0 if the LMIs

< X (16)
X M/
(Mr qufl) > 0 @17

holdforr=1,...,R.

The Decay rate control LMI-s (15) were used for this desigoabiee the upper
bound of the input force we sgt= 40N, the upper bound to the state vector 0.1. The
implemented decay rate was chosen as 0.8. By using the LM&isof MATLAB Ro-
bust Control Toolbox we solve all the previous LMIs simuktansly, we find that the
in the case of Model 1 and 2, the LMIs are infeasible, whildhm¢ase of Model 3 and
4 the resulting LMIs are feasible, and we obtain the feedlgagks of Controllers 3 and
4 respectively. In the following the controller generateithviviodel 3 shall be named
Controller 3, the customly created controller from Modehdlsbe called Controller 4.

6 Resulting control performance

The stabilization properties are found on Figure 5. Bothrslveot and stabilization
time are smaller with Controller 4, briefly Controller 4 praxbd better results. The
stabilization time domain can be found on Figure 6. We alsckeththe parameter
domainQ, and the upper bound on the initial state vadbieHere we may also notice
the diference between the 2 controllers, with Controller 4 havigoeater stabilization
domain.

7 Conclusion

We conclude the paper with the following results:

1. The type of convex hull considerably influences the fekisilof the correspond-
ing LMIs. Finding the proper convex hull vastly improved tbentrol perfor-
mances.

2. The TP model transformation lets us creatively manigulé convex hull via
manipulation of the weighting function system, which résdla better control
performance.

3. Besides the 2 mentioned statements, we remark here hthaest control per-
formance has been achieved as a combination of a convex Hhlinfeasible
corresponding LMIs, and a convex hull with feasible coroespng LMIs.
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