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Abstract: In this paper we introduce and describe contirsitsiangular norms that are mi-
grative with respect to another fixed t-norfi, in particular to the three prototype®,
Te andTry,. Depending on characteristic propertiestf, classes of nilpotent and strict mi-
grative t-norms are naturally formed. In these cases theattarization and construction is
carried out by solving functional equations for the generat In the third case an ordinal-
sum-like construction is resulted.
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1 Introduction

In [3] the authors introduced the new termn—migrative — for a class of binary
operations as follows.

Definition 1. Let« be in]0, 1[. A binary operatior?: [0, 1]?> — [0, 1] is said to be
a-migrativeif we have

T(ax,y) =T(z,ay) forallz,y e [0,1]. (1)

One can easily see that the following functiB: [0, 1] — [0, 1] is a-migrative
(whereg € [0, 1]):

min(z, y) if max(x,y) =1,

Ts(z,y) = {ﬁxy otherwise @

In fact, thus defined functiofis is a triangular norm for ang € [0, 1.

A triangular norm(t-norm for short)I" : [0, 1]> — [0, 1] is an associative, com-
mutative, non-decreasing function such tfidt, z) = « for all z € [0, 1]. Proto-
types of t-norms are the minimuf\;(x, y) = min(z, y), the productlp(z,y) =
xy, and the tukasiewicz t-norffy, (z,y) = max(xz + y — 1,0). Obviously, the
product t-nornilp is a-migrative for anya € 10, 1].

As it is well-known, each continuous Archimedean t-ndfroan be represented
by means of a continuous additive generator (see e.g. [6)]) a strictly decreasing
continuous function: [0, 1] — [0, co] with ¢(1) = 0 such that

T(z,y) =tV (t(x) + t(y)), (3)



wheret(=1): [0, 00] — [0, 1] is the pseudo-inverse ofand is given by
D (w) = ¢~ (min(u, £(0))).

A triangular subnorntt-subnorm for short]": [0, 1] — [0, 1] is an associative,
commutative, non-decreasing function such fhat, y) < min(z,y) forall z,y €
[0,1]. Obviously, any t-norm is a t-subnorm. Notice that the fiowet;(z,y) =
By for all 2,y €] is a t-subnorm that is alse-migrative for anyx € 0, 1].

Consider a t-nornT': [0,1]?> — [0, 1]. ThenT satisfies the associativity func-
tional equation (4), which is well-known in several thearet and applied fields,
and is formulated as follows:(y, z € [0, 1]):

T(T(‘Tvy)az) = T(‘T7T(y72)) (4)

If we fix the value ofz, sayx = «, then equation (4) remains valid f@r. Let
us choose one particular t-norfy, and consider the following functional equation
(z,y € [07 1]):

T(To(a,z),y) = T'(z, To(ev, y)).- (5)

Then, obviouslyT; itself is a solution. The question is natural: is there any
solutionT of (5) that differs fronil, ? If so, determine and characterize all solutions.

The generalized associativity equatidras also been studied and solved, see
[1,7]. It can be written as follows:

In this general framework the particular form&f= F, K = G in (6) corresponds
to (5).

WhenT, = Tp, One can recognize-migrativity (1) as a particular case of (5).
The next definition extends the migrative property as folow

Definition 2. Let « be in]0, 1] andT} a fixed triangular norm. A binary operation
T:[0,1)> — [0,1] is said to ben-migrative with respect tdy (shortly: («, Tp)-
migrative) if we have (5) for alk, y € [0, 1].

Notice that if a t-norn” is («, Tp)-migrative then we have
T(a,y) = To(e,y) forally €[0,1]. (7)

This follows from (5) by substituting = 1.

In the present paper we study three particular casés,df, )-migrative t-norms
according to the three prototypes. That is, whgn= Tn;, whenTy = Tp, and
whenTy = Ty,. Notice that the second case was investigated in [4], whethea
details and proofs can also be found. The other cases willbkshed in our forth-
coming paper [5].



2 (o, Typ)-migrative Continuous Triangular Norms

In the present case ti{e,, T )-migrative property is read as follows:
T(min(a, z),y) = T'(z, min(e,y)) forall z,y € [0, 1]. (8)

Now (7) implies thafl’(«, y) = min(c, y) for all y € [0, 1].
The description of all«, T\ )-migrative continuous triangular norms is given
in the following theorem. For the proof see [5].

Theorem 1. A continuous t-nornT" is («, T )-migrative if and only if there exist
two continuous t-norm®; and7» such thafl’ can be written in the following form:

oTy (—, —) if z,y € [0, ],

l—-a’'l—«

min(z, y) otherwise

T@y) =9 at(1-)T (I_a y_a) if 2,y € [, 1],

3 (a,Tp)-migrative Continuous Triangular Norms

The (a, Tp)-migrative property now is read as follows:
T(azx,y) =T(z,ay) forallz,ye[0,1], (9)

This is the originakx-migrativity, and (7) implies thal'(«,y) = ay forall y €
[0,1].

We have shown that the migrative property is rather stromgfoontinuous t-
norm: it implies that the t-norm cannot have idempotent elets, and cannot be
nilpotent.

Theorem 2. LetT be a continuous t-norm. 1If is a-migrative therl” is strict.

Itis easy to conclude (see [3]) that a strict t-ndfmvith additive generatatis
a-migrative if and only if

t(azx) —t(z) = tlay) —t(y) forallz,y € [0,1]. (10)

Equation (10) says that the differendevr) — ¢(x) is independent of. More
exactly, if we chose) = 1 in (10), this independent difference can be obtained as
t(azx) — t(x) = t(a). We write it as follows:

t(ax) =t(a) +t(z) forallz € 0,1]. (11)

In the next theorem we provide the general solution of thetional equation
(11). It is based on the important fact that the restrictibn  the intervala, 1]
uniquely determineson each subintervéh***, o*], progressing from left to right.



Theorem 3. Supposeis an additive generator of a strict t-norm. Thesatisfies the
functional equation (11) if and only if there exists a conbtms, strictly decreasing
functiont, from [, 1] to the non-negative reals witly(0) < +oo andty(1) = 0
such that .

t(x) = k - to(a) + to (J) if 2 €la®*+1, o], (12)

wherek is any non-negative integer.

Unfortunately, none of the famous t-norm families (likefcgHamacher, Dombi,
Alsina) are migrative, except the particular case(af) = — log x, or equivalently,

T(x,y) = Tp(z,y) = zy. ;
This results is illustrated in the next figure with= 1 to(x) = 4 — 4 for

k
T € E, 1]. Thent ((%) ) = k, andt is linear in between.
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Figure 1
Additive generator of & /4-migrative t-norm

For further results for instance on the construction of stmadditive generators
and proofs we refer to [4].

4 (o, Ty)-migrative Continuous Triangular Norms

In the present case ti{e, 71, )-migrative property is read as follows:
T(max(a+x —1,0),y) = T(x,max(a +y — 1,0)) forallz,y € [0,1]. (13)

Now (7) implies thatl'(«v, y) = max(a+y — 1,0) forall y € [0,1].
The description of all«, T1,)-migrative continuous triangular norms is given
now. For proofs and more details see [5].

Lemma 1. Assume thaf is a continuous t-norm that i&, 7t,)-migrative. Then
there exists an automorphisgof the unit interval such thaf’ = 77". That is, we
have

T(z,y) = T¢ (z,y) = ¢~ ' (max(p(z) +¢(y) —1,0)) forall z,y € [0,1]. (14)



Taking into account the functional form @f given in (14), the equation (12)
defining(«, T1,)-migrativity has the following form:

¢! (max[p(max(a + z — 1,0)) + ¢(y) — 1,0]) =
= ¢~ (max[p(z) + p(max(a +y — 1,0)) — 1,0]).

If we apply ¢ to both sides of this equality we get the following equivafenm
of (14) (z,y € [0, 1)):

max[p(max(a +x — 1,0)) + ¢(y) — 1,0] =
= max[p(x) + p(max(a +y — 1,0)) — 1,0]. (15)
This equation implies that
pmax(a+2 —1,0)) +¢(y) >1 <= ¢(z) + ¢(max(a+y—1,0)) > 1.

In particular, it is absolutely necessary for having thdsietanequalities thaty +
x > landa 4+ y > 1. In this case we can write

at+z—1>¢0 (1-p) <= at+ty—1>¢ (1 -px), (16)

and for suche, y the automorphisnp must satisfy the following functional equa-
tion:

pla+z—1)+o(y) = o(@) +pla+y—1). 17
As a consequence of (16) and (17) we get (by choogiagl) that
a>1l—-2 <= a>¢ (1-p) (18)
and
ola+z—1)=p(a)+ ex) —1. (19)

In addition, continuity ofy implies also thatx = 1 — z if and only if « =
0 (1 — ¢(z)). That s,

pla) +o(l—a)=1. (20)
If we take into account (20) in (19) we get
plz—(1—-a) =¢) —¢(l-a) (21)

That is, if we knowyp on the interva[l — «, 1] then equation (21) defineson
[0, ).
Theorem 4. Assume thatr < 1/2. A t-normT'(z,y) = ¢~ (max(¢(z) + p(y) —
1,0)) is (o, T1.)-migrative if and only if there exist automorphisgsandq, of the
unit interval and a real numbdr < v < 1/2 such that

Wo(g) fo<z<ao,
p(z) = { (1 =29 <1:C__20;> + fa<z<l-oq, . (22)
71110(#)4—1—7 ifl-a<z<l.



Complementary to this result, we have to consider the casmwh> 1/2 —
that is, whemy > 1 — . We start from an arbitrary automorphispg of the unit
interval, a numbery € 10, 1, and define a piece of the automorphignn (15) as
follows:

r —

l—«

w(fﬂ)—v-zﬁo<

We have thap(a) =1 — 4.

Denote byn the largest positive integérsuch thattc — (kK — 1) > 0. We can
extend the definition of from [«, 1] to the intervald2a — 1,4q], ... [na — (n —
1), (n — 1)a — (n — 2)]. It can be seen that for ady= 1, ..., n we have

plka — (k —1)) = kp(a) — (k - 1).
To have a meaningful extension, the following inequalitrasst hold:

>+1—7, x € [a, 1]. (23)

n—1< () < n
«
n =¥ “n+1
and
n—1 n
o<
n — T n+l1

Then we can define for z € [ka — (k — 1), (k — 1)a — (k — 2)] as follows
(k=1,...,n):

+(k-1) - ka
11—«

w(x)—v-wo<x

wherey depends oy anda as follows:
1
n—(n+ l)a) '

11—«

) +1—ky, (24)

’7:
n+1—1[10(

This choice ofy guarantees that the definition gfon [na — (n — 1),1] is
appropriate. This makes it possible tigatan be defined in a meaningful way also
on the missing paft, na — (n — 1)] by equation (19).

All the details of handling this case can be found in [5].

5 Summary and Conclusions

In this paper we have completely described continuous raedhat are migrative
with respect to a fixed t-norm from the prototypes. Their elotarization has been
developed through solutions of a functional equation.

Although Definition 1 is seemingly general, notice that iedaot provide a
meaningful notion for triangular conorms. IndeedsSifis a t-conorm then it is-
migrative if and only ifS(ax, y) = S(x, ay) holds for allz, y € [0, 1]. If we choose
y = 0 then we must havex = z for all z € [0, 1], because is a-migrative. This
is impossible whemv # 1. Similarly, if y = 1 then we must havé(z, «) = 1 for
all z € [0,1], which is again impossible unless= 1. Therefore, even the correct
definition of a-migrative t-conorms needs special care.
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