Some illustrations of possibilistic correlation
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Abstract: In this paper we will show some examples for possibilistic correlation.
In particular, we will show (i) how the possibilistic correlation coefficient of two
linear marginal possibility distributions changes from zero to -1/2, and from -1/2
to -3/5 by taking out bigger and bigger parts from the level sets of a their joint
possibility distribution; (ii) how to compute the autocorrelation coefficient of fuzzy
time series with linear fuzzy data.

1 Introduction

A fuzzy number A is a fuzzy set R with a normal, fuzzy convex and contin-
uous membership function of bounded support. The family of fuzzy numbers
is denoted by F. Fuzzy numbers can be considered as possibility distributions.
A fuzzy set C' in R? is said to be a joint possibility distribution of fuzzy num-
bers A, B € F, if it satisfies the relationships max{z | C(z,y)} = B(y) and
max{y | C(z,y)} = A(z) for all z,y € R. Furthermore, A and B are called



the marginal possibility distributions of C. Let A € F be fuzzy number with a ~-
level set denoted by [A]” = [a1(7), a2(y)], v € [0, 1] and let U, denote a uniform
probability distribution on [A]7, v € [0, 1].

In possibility theory we can use the principle of expected value of functions on
fuzzy sets to define variance, covariance and correlation of possibility distributions.
Namely, we equip each level set of a possibility distribution (represented by a fuzzy
number) with a uniform probability distribution, then apply their standard proba-
bilistic calculation, and then define measures on possibility distributions by inte-
grating these weighted probabilistic notions over the set of all membership grades.
These weights (or importances) can be given by weighting functions. A function
f:]0,1] — R is said to be a weighting function if f is non-negative, monotone
increasing and satisfies the following normalization condition fol fy)dy = 1.
Different weighting functions can give different (case-dependent) importances to
level-sets of possibility distributions.

In 2009 we introduced a new definition of possibilistic correlation coefficient (see
[2]) that improves the earlier definition introduced by Carlsson, Fullér and Majlen-
der in 2005 (see [1]).

Definition ([2]). The f-weighted possibilistic correlation coefficient of A, B € F
(with respect to their joint distribution C) is defined by

1
ps(A,B) = /0 p(X, Y3) F(7)dy )

where

cov(X,,Y5)
p(Xy,Yy) = WW
V/var(X,)/var(Y;)
and, where X, and Y., are random variables whose joint distribution is uniform on
[CY for all v € [0, 1], and cov(X,,Y.,) denotes their probabilistic covariance.

In other words, the f-weighted possibilistic correlation coefficient is nothing else,
but the f-weighted average of the probabilistic correlation coefficients p(X,,Y,)
forall v € [0, 1].

Consider the case, when A(x) = B(z) = (1 — z) - xjo1)(2), for € R, that
is [A]Y = [B]Y = [0,1 —~], for v € [0, 1]. Suppose that their joint possibility
distribution is given by F'(z,y) = (1 — z —y) - x7(z,y), where

T:{(x,y)€R2]:rZO,yZO,:r—i—ySl}.

Then we have [F]7 = {(z,y) € R? |2 >0,y > 0,z +y < 1 —~}.



Y

Figure 1: Illustration of joint possibility distribution F'.

This situation is depicted on Fig. 1, where we have shifted the fuzzy sets to get a
better view of the situation. In this case the f-weighted possibilistic correlation of
A and B is computed as (see [2] for details),

1
Pf(AvB)—/O —%f(’Y)dVZ—%-

Consider now the case when A(z) = B(r) = z - x[o,1)(2) for z € R, that is
[A]Y = [B]” = [v, 1], for v € [0, 1]. Suppose that their joint possibility distribution
is given by

W(z,y) = max{zr +y — 1,0}.

Then we get

1
ps(A,B) = —/0 %f('y)dv = —%-

We note here that 1/ is nothing else but the Lukasiewitz t-norm, or in the statistical
literature, W is generally referred to as the lower Fréchet-Hoeffding bound for
copulas.



2 A transition from zero to -1/2

Suppose that a family of joint possibility distribution of A and B (where A(x) =
B(z) = (1 — ) - X|o.1)(2). for z € R) is defined by

n—1
1—z— 21y ifogxgl,xgy,Ty—l—xgl

_ -1
Cn(z,y) = 1—”7_133—31, ingygl,ygx,nn r+y<1

0, otherwise

In the following, for simplicity, we well write C' instead of C),. A v-level set of C'
is computed by

v 9 n _ o n—-1
or ~{emer oses oa-mosysi-r- "Ll

n—1
R? 1—-9)<z<1-70< —y<l—-y—zx,.
{(%y)e 51— <e<l-70s——y<l-9y w}
The density function of a uniform distribution on [C]” can be written as
¥7 if (x,y) € [C]7 M, if (z,y) € [C]”
flay) =14 Jiop dady =q n(l—9)?
0 otherwise 0 otherwise

We can calculate the marginal density functions:

(2??2—_1%11—_’77;290)’ if 2nn— : (1-7)<z<1-7v
Aw=] oDt
n(1—7)2 L H0srs g =)
0 otherwise
and,
T
fy) =4 Cn-1)01—y-2ly) .
oy 0SS g )

0 otherwise



We can calculate the probabilistic expected values of the random variables X, and
Y, whose joint distribution is uniform on [C]” for all v € [0, 1] as,

n(l—y)

on —1 1=y (1-y@En—1)
(n— 1) —7)? /<> Pl =y e =, )
and, M (Y,) = (1 . (gzl(él_”lg D

1—
(We can easily see that for n = 1 we have M (X,) = TW, and for n — oo we

1—
find M (X,) — T’Y.) We calculate the variations of X, and Y, as,

n(1—7)

2n -1 2n—1 n—1
2n — 1 /17 )
— —5 [ z*(1 — v —z)dx
(=1 =) Juon
(1 =79)2((2n — 1)* +8n® — 6n? + n)
N 12(2n — 1)3 '
(1—7)?

(We can easily see that for n = 1 we get M (X%) = , and for n — oo we

(1-9)°

3

find M (X%) — .) Furthermore,

(1 —7)2((2n — 1)3 4+ 8n3 — 6n? +n)

var(X,) = M(X?) — M(X,)* =

12(2n —1)3
(1—7)*@n—1)*>  (1-7)*@2(@2n—-1)*+n)
o 36(2n—1)2 36(2n — 1)2

And similarly we obtain

(1-7)%(2(2n - 1)* +n)
36(2n — 1)2

var(Y,) =

1— 2
(We can easily see that for n = 1 we get var(X,) = (127), and for n — oo we



(1—9)?
18

cov(Xy, Yy) = M(X,Y5) — M(Xy)M(Y)

L—9n@n—1) (1-9)*1—n)(4n—1)

find var(X,,) — .) And,

12(2n — 1)2 36(2n — 1)2 '
(We can easily see that for n = 1 we have cov(X,,Y,) = 0, and for n — oo we
1— 2
find cov(X,,Y,) — _(3(:)') We can calculate the probabilisctic correlation

of the random variables,

B cov(X,,Y,) _ (I—-n)(4n—1)
P 1) = \/Var(Xv)i/V;r(Y'y) S 2(2n-1)2+n]

(We can easily see that for n = 1 we have p(X,,Y,) = 0, and for n — oo we find
1
p(X5,Y,) — —5.) And finally the f-weighted possibilistic correlation of A and

B is computed as,

(I1-n)(4n —1)
22n—1)2+n

Pf(A7B)_/O p(Xy, Ya) f(v)dy =

1
We obtain, that p¢(A, B) = 0 forn = 1 and if n — oo then ps(A, B) — —5

3 A transition from -1/2 to -3/5

Suppose that the joint possibility distribution of A and B (where A(z) = B(z) =
(1 =) - X[o,1(®), for x € R) is defined by

Cn(z,y) = (1 —2—y) xr,(2,9),

where

1
Tn:{($7y)eR2\x20,y20,x+y§Ln_lxzy}U

{(x,y)€R2\xEO,yZO,x—i—ySl,(n—l)xﬁy}.

In the following, for simplicity, we well write C' instead of C),. A v-level set of C'
is computed by

o ={@p R0 10— - e sy <17 -r



1
{enerlosysla-nm-nysasiog-yf,

The density function of a uniform distribution on [C]” can be written as

1 n
s if(z,y) € O] ———, if (z, g
0 otherwise 0 otherwise
We can calculate the marginal density functions:
n(l—~—nr+ =% _
4=y ”*1), fo<z< -7
(1—7)? n
o if1=2) , (nZ DU =)
R TR (O T e
n(l—~y-—uz Lm=11 -7
oz o Erst
0 otherwise
and,
1= —ny+ L _
n( YNy n_1)7 ifogygu
(1 —7)? n
e if7(1_7)<y<w
fa(y) = (1(—7)2(71—)1)’ (n )? —) n
n(l—vy—-y o (n—1)(1 -~
Taoap N SvEIT
0 otherwise

We can calculate the probabilistic expected values of the random variables X, and
Y, whose joint distribution is uniform on [C]” for all v € [0, 1] as

1—

n o T
M(X.)) =—— 1 Ry
<’Y) (1—7)2/0 ( 7 nx—i_n—l)x
(=1)1=7) 9 =)
_n d e
+(1_7)2/1;” "—1x+(1—7)2/m—m751—v>x( v - w)de
l—~



1—
That is, M(Y,) = TW We calculate the variations of X, and Y, as,
1=y
n D x
MX3) = — 21—~ — d
()= i [T e e
. CEICESI R
—_— d
T2 )i n_17"
1=7)
n 2
—_— 1—~y—2)d
+ (1—7)2 ﬂn—l)(l—w) v(l=y-z)de
(1 —7)%(3n? —3n +2)
B 12n? '

and,
(1-9)2%(3n?-3n+2) (1—~)?

(1 —~)2(5n — 9n + 6)
36n2 '
And, similarly, we obtain

1—7)2(5n? —9n +6
var(Y,) = ( ) (36712 )

From

—A)2(30 — 2
covV(X. ;) = M(X,Y,) — M(X,)M(yy) = L= B =) L3

12n2 9
we can calculate the probabilisctic correlation of the reandom variables:
cov(X,,Y,) —3n2+Tn—6
,0<XW7Y’7) = - = 2 _ )
V/var(X,)/var(Y;) 4 —9n+6
And finally the f-weighted possibilistic correlation of A and B:
1 2
—3n“+7Tn —6
A, B) = XY dy=———5—"——
pr(A.B) = [0, ¥ )y =~

‘We obtain, that for n = 2

1
,Of(A,B) = _57

and if n — oo, then
3

We note that in this extremal case the joint possibility distribution is nothing else
but the marginal distributions themselves, that is, Coo(z,y) = 0, for any interior
point (x, y) of the unit square.



4 A trapezoidal case

Consider the case, when

x, fo<z<l1
1, ifl<z<2
3—x, if2<z<3
0, otherwise

for z € R, thatis [A]” = [B]” = [y,3 — 7], for v € [0, 1]. Suppose that their joint
possibility distribution is given by:

, f0<x<3,0<y<lz<yr<3-y
; fl1<z<21<y<2z<y

, f0<2r<1,0<y<3y<z,r<3-y
, otherwise

C(l‘,y) =

oK R

Then [C]Y = {(z,y) e R?* |y <2 <3 -7,y <y<3—z}.

The density function of a uniform distribution on [F]” can be written as

1 . 9
- - f ~y e
0 otherwise 0 otherwise

The marginal functions are obtained as

23 —vy—2x) .
- ify <z <3-
A= @2z 0 N7 !
0 otherwise
and,
2B3—v-y) .
— s iy <y <3-—
f2(y) = (3 —27)? =Y K
0 otherwise

We can calculate the probabilistic expected values of the random variables X, and
Y., whose joint distribution is uniform on [C]” for all v € [0, 1] :

2 3= v+3
M(X)=—" )y =
and, 5
2 - v+3
M(Y,) = 3—y—y)de = —=



We calculate the variations of X, and Y, from the formula
var(X) = M(X?) — M(X)?

as

2 3=y 272 +9
2 — 2 _— _— pr—
M(X?) = G 27)2/7 22(3 — v — z)da :

and,

22749 (743 _ (3-29)

var(X,) = M(X?) — M(X,) G 9 18

And similarly we obtain
(3 —27)?

var(Y,) = T
Using the relationship,

(3—29)°

cov(Xy, Yy) = M(X\Y;) — M(X,)M(Y,) = — 36

we can calculate the probabilisctic correlation of the random variables:

B cov(X,,Yy) 1
plXy Yy) = V/var(X,))/var(Y;) -2

And finally the f-weighted possibilistic correlation of A and B is,

1
ps(A,B) = —/0 %f('y)dv = —%-

5 Time Series With Fuzzy Data

A time series with fuzzy data is referred to as fuzzy time series (see [3]). Consider
a fuzzy time series indexed by ¢ € (0, 1],

1

and Ao([L‘) = { 07 ifr=0

{ 1-% fo<az<t
t .
otherwise

0 otherwise
It is easy to see that in this case,

[Ad]" = [0,£(1 =~)], v € [0,1].



If we have ¢1,t5 € [0, 1], then the joint possibility distribution of the corresponding
fuzzy numbers is given by:

T
Clen) = (1- £ - L) xatoun)
1
where
2 € Y
T:{(m,y)eR |$20,y20,+§1}.
t1 1o

Then[C]V:{(m,y)eRQ\xZO,yZO,:—i—tygl—v}.
1t

The density function of a uniform distribution on [C]” can be written as

1
- if(z,y) €[C]
f(xvy) = j‘[c]'y dl?dy
0 otherwise
That is,
2
—— if(z,y) € |C]”
flz,y) =S tita(1 —7)? (z,y) €[C]
0 otherwise

The marginal functions are obtained as

21 =7—4)
— o<z <t(1 -
fl@) =4 ThI=) se<h{l=7)
0 otherwise
and,
20=v—£)
— 2 if0<y <ity(1l—
foly) = ta(1 — )2 sysh(l-7)
0 otherwise

We can calculate the probabilistic expected values of the random variables X, and
Y, whose joint distribution is uniform on [C]” for all v € [0, 1] :

2 t(1=7) x t1(1—7)
M(XV):tl(l—y)?/o x(l—’y—g)dl’ZT
and
2 t2(1=) y ta(1—7)
M(Yy) = = ), y(l—v— g)d 3



We calculate now the variations of X, and Y, as,

9 tl(l—’y) t2 1— 2
M(X2):/ 21—y — Dy = HL=)
7ot =9)% o 1 6
and,
t2 1— 2 t2 1— 2 t2 1— 2
V&I‘(XV) _ M(X,%) —M(X7)2 _ i 20) . i( 20) _ i ) .
6 9 18
And, in a similar way, we obtain,
t3(1 —7)*
Y,) = -2 :
var(Ys) 18
From,
tita(1 — 7)?
X, Y,)=——"——""
COV( v ’7) 36 ’
we can calculate the probabilisctic correlation of the reandom variables,
cov(X,,Y,) 1
p(X’va'y)_ 1 = ——.

CVvar(X)var(Y,) 2

The f-weighted possibilistic correlation of A;, and A;,,

1

1
pf(At17At2) = /(; _%f(’Y)de = _5‘

So, the autocorrelation function of this fuzzy time series is constant. Namely,
1
R(tlatQ) - _57

for all t1, 2 € [0, 1].

References

[1] C. Carlsson, R. Fullér and P. Majlender, On possibilistic correlation, Fuzzy
Sets and Systems, 155(2005) 425-445.

[2] R. Fullér, J. Mezei and P. Varlaki, A New Look at Possibilistic Correlation,
Fuzzy Sets and Systems (submitted).

[3] B. Moller, M. Beer and U. Reuter, Theoretical Basics of Fuzzy Randomness
- Application to Time Series with Fuzzy Data, In: Safety and Reliability of
Engineering Systems and Structures - Proceedings of the 9th Int. Conference
on Structural Safety and Reliability, edited by G. Augusti and G.I. Schueller
and M. Ciampoli. Millpress, Rotterdam, pages 1701-1707.



