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Abstract: Problem of defining convezity of a digital region is considered. Definition
of DL — (digital line) convezity is proposed, and it is shown to be stronger than the
other two definitions, T — (triangle) convezity and L— (line) convezity. In attempt to
connect the convexity of digital sets, to the fact that digital set can be a fuzzy set, the
notion of convexity of the membership function is introduced. Digital set is placed
in (z,y)-plane, and values of the membership function for every centroid of that set
is drifted on z-awis, so our consideration is fully and clearly represented in R3. For
convezity in (x,y)-plane we chose the DL— convezity (digital line convezity) as the
most appropriate for our purpose. For membership function the quasi convexity is
chosen. All these notions are introduced, in order to be able to define the digital
conver fuzzy hull of a digital fuzzy set.

Key words and phrases: convexity, DL— convezity, DL—convex hull, digital fuzzy
set, digital convex fuzzy hull, fuzzy set.

1 Introduction

A set S in Euclidean space is convex if for any two points P and @ states:
forany A € [0,1], AP+ (1 —A)Q € S.

The convex hull Sy of a set S is the intersection of all convex sets that
contain S:
Sy = n{SZ : S CS;,S; is convex}.
il
After those definitions we can say that S is convex iff Sy = S.

Euclidean space is digitized using specific regular tessellation; each square
is called a pixel. Set R (or region) in the digital space is the union of a set
of pixels, and we call it a digital set. The centroid of a pixel is the point
of intersection of the two diagonals of the pixel. The union of the centroids
of the pixels of R noted by R’, may be considered as the lattice point or
simply a point representation of R. Conversely, R may be called the region
representation of R’.



Considering convex hull of the given digital set, the most important issue
is how to find algorithm for computing of appropriate convex hull. Finding
Euclidean convex hull for the given region is rather trivial, so it might be used.
Further, we could redigitize that set. Some authors treated this problem
by discussing different kinds of convexity, but they did not get appropriate
convex hull. So, in the next section, we will present a short overview of this
kinds of convexity and their deficiencies and try to overcome them by defining
a new kind of convexity which gives us more attractive results in computing
the convex hull of a region.

2 DL-—convexity

Definition 1 A pixel q is a 4—neighbor of a given pizel p, if p and q share
an edge.

Definition 2 A pizel q is an 8—neighbor of a given pixel p, if ¢ and p share
either an edge or a verter.

Definition 3 A set of pizels P is 4—connected if
for every pair of pizels p; and p; in P there exist
a sequence of pizels p;,...,p; such that:

a) all pizels in the sequence are in the set P;

b) every 2 pizels that are adjacent in the sequence
are 4—neighbors.

Figure 1

Definition 4 A set of pizels P is 8—connected if
for every pair of pizels there exists a sequence of
pizels p;, ..., pj such that:

a) all pizels in the sequence are in the set P;

b) every 2 pizels that are adjacent in the sequence
are 8—connected.

Figure 2

In Figure 1 is 8—connected area, and in Figure 2 is disconnected area.

Definition 5 Let R be a simply 8—connected digital region with its point rep-
resentation given by R'. We define on R the closed region R} which consists of
all points z (not necessary lattice points) that lie in triangles Ap1paps where
p1,p2 and p3 are in R’ and mutually 8—neighbors if distinct.



The boundary of R; is denoted by dR’.

Definition 6 For any two points p1,p2 of R, P(R',p1,p2) denotes the set
of polygons whose boundaries consist of nonempty subsegments of the line
segment p1pa and R’ and whose interiors are subsets of Rj.

Kim [5] defined few definitions which can be useful:

Definition 7 e Line property: A digital region R’ possesses the line prop-
erty iff there are no three colinear digital points (p1, p2,p3) such that py
and p3 belong to R’ but pa belongs to R';

e Chord property: R’ has the chord property iff for any (Euclidean) point
(x,y) on pip2, where p1,ps belong to R, there is a digital point p =
(h,k) of R' such that

max{|z —hl, |y — k|} <1;

e Area property: A digital region R’ has the area property iff for any two
points py and py of R', P(R', p1,p2) has no polygon that contains points
of R'.

Kim defined a digital region to be convex if it is the digitization of a (Eu-
clidean) convex region. He showed that these three properties are equivalent
to convexity if R’ is simply 8—connected.

Definition 8 o Hull property: If H(R') is the Euclidean convex hull of
the points of R’ then R’ is said to have hull property if H(R') does not
contain any point of R';

e Digital line property: R’ is said to have digital line property if for any
two points p1 and ps in R’ some digital straight line segment between
p1 and ps belongs to R';

e Triangle property: R’ is said to have triangle property if for any three
points p1,p2,p3 of R, the digital points in triangle pi1paps all belong to
R

The first property was derived by Kim, the second by Kim and Rosen-
feld and the third by Ronse and every one of them is equivalent to the
corresponding property from the previous definition. Ronse showed that
triangle property is equivalent with hull property and defined L—convexity
and T'—convexity based on the line property and area property, respectively.
Ronse defined the T'—convex hull of a region R’ as the set of cellular points
belonging to H(R') and tried to solve problem of computing the convex hull
using this definition.

However, it can be shown that T'—convex, or L—convex region may not
be 8—connected, or may be 8—connected, but not 4—connected, and that



T—hull of a region may also be disconnected in certain situations when R’
has several connected components. The possibility of a digitally convex region
being disconnected is not intuitively appealing since it does not fit with the
concept of convexity in Euclidean space. Hence, we propose another definition
of digital convexity for which the digital convex hull is always 8—connected.

Definition 9 Digital straight line segment AB is the set of all pizels that
are intersected by Fuclidean straight line segment AB, where A, B are digital
points (centroids).

Definition 10 A digital region R’ is called DL— convex if for any two digital
points p1,p2 belonging to R, there is a digital straight line segment between
p1 and py whose points all belong to R'.

A digital straight line may be 4—connected or 8 —connected. Thus, we can
have either 4D L—convexity or 8 DL—convexity. However, 8D L—convexity
suffices for our purpose.

Theorem 1 A DL—convex region is simply connected, i.e. it is connected
and does not contain any holes.

Theorem 2 If R’ is DL—-convez it is T—convex as well as L—convez, but
the converse is not generally true.

The next theorem is the most important for our purpose because it is used
for the algorithm for computing DL-convex hull (see Chaudhuri, Rosenfeld

31):

Theorem 3 If R is T—convex (or L—convex) and 8— connected it is DL— con-
vew.

Definition 11 Hpr(R'), the DL—hull of R’ is the minimal D L— convex set
that contains R'.

In other words, no proper DL—convex subset of Hpy,(R') can contain R'.
The main problem, now, becomes how to compute D L—convex hull of a given
digital region, for which the equivalence of T'—convexity and D L—convexity
of an 8—connected figure gives an attractive solution in most cases.

3 The convexity of fuzzy sets

Dealing with digital sets, we found it interesting to define fuzzy sets whose
universal set will be digital sets, and then to consider the convexity of these
sets. In accordance to this, let us represent some basic definitions and the-
orems related to fuzzy sets and their convexity, and extend them on digital
sets.



Definition 12 A fuzzy set A defined on the universal set X is a set of ordered
pairs: A = {(x,pa(z))|lz € X} where pa : X — [0,1] is the membership
function of A in X.

Definition 13 The support of a fuzzy set A is the set
supp(A4) = {z € X|ua(x) > 0}.
Definition 14 An a-cut of a fuzzy set A, for a € [0,1], is the set:
Ay ={z e X|pa(z) > a }.

Definition 15 A fuzzy set A of a set R™, given by the membership function
wa, is called quasiconvex (see [1],[11]) if

pa(Az1 + (1= Nzg) > min{pa(z:), pa(z2)}
holds for every x1,xo € supp(4), and X € [0,1].

Theorem 4 The fuzzy set is quasiconvex if and only if its a-cuts are empty
or convez sets for each a € [0, 1].

Definition 16 A fuzzy subset A of a set R™, given by the membership func-
tion pa, is called convex if

pa(Azy + (1= Na2) = Apa(zr) + (1 = Mpa(a2)
holds for every x1,xo € supp(4), and X € [0,1].

This means convexity in classical sense and discerns with quasiconvexity. For
example, fuzzy subset A of R, given by its membership function p4(x) =
1—5—#’ z € R is a quasiconvex fuzzy set, but it is not convex. It also holds
that a-cut of a convex fuzzy set is convex (or empty set) for every « € [0, 1],
but the converse does not hold in general.

Definition 17 A convex fuzzy hull, fconv(A), of a fuzzy set A is defined as
the smallest convex fuzzy set whose support is A.

It is rather trivial that convex fuzzy set is equal to the corresponding
convex fuzzy hull, and that convex fuzzy hull of a given set A is, in fact, the
standard fuzzy intersection of all convex fuzzy sets that contain A.

In [12] a fuzzy convex combination is defined.

Definition 18 For a given fuzzy subset A of R™, convex fuzzy combination
of elements x1,xa,...,x, € R™ is the smallest fuzzy set C'y such that:

pea () > prpa(@r) + papa(x2) + o+ popals),

for all x = prx1+poxo+...+ppxy, where real numbers p; > 0, fori=1,2,...,n
n

are such that > p; = 1.
i=1



Theorem 5 1) It is shown that a fuzzy set A is convex iff for every integer
n > 1, every convex fuzzy combination of any n points of A is included in A.

2) The convex fuzzy hull of a fuzzy set A is equal to the union of all convex
fuzzy combinations of A.

Theorem 6 The intersection of any family of convexr fuzzy sets is a convex
fuzzy set, while the union of a family of convex fuzzy sets is not necessarily a
convex fuzzy set (see [2]).

Definition 19 A fuzzy set A of R™ is called fuzzy o — convex for some
a€[0,1] of
IU‘A(G‘:CI + (1 - a)ZQ) > min(,u‘A(Zl)a ,LLA(xQ))a

holds for all x,y € A.

Definition 20 A digital fuzzy set is a fuzzy set which is defined on some
digital universal set, i.e. on its point representation.

Definition 21 We define digital convex fuzzy hull of a digital fuzzy set A of
72, given by the membership function u, as the smallest fuzzy set Hprr(A),
such that

supp(Hprr(A)) = Hpr(supp(A)),
B + (1= Naz) = min{a(a), plzs)}
holds for every x1,xo € Hpr (supp(A)), and for all A € [0, 1] such that \x; +
(1 — )\)xg €72

All these notions and the properties related to them are given in order to
be able to make an algorithm for computing digital convex fuzzy hull. This
algorithm is presented in the paper [9].
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