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Abstract

In this paper we shall formul ate an extension principle for interactive
fuzzy numbers.

1 Introduction

A fuzzy number A isafuzzy set of thereal line R with anormal, fuzzy convex
and continuous membership function of bounded support. The family of fuzzy
numbers will be denoted by F. A ~y-level set of afuzzy number A is defined
by [A]" = {t € R|A(t) > ~} if v > 0and [4]" = cl{t € R|A(t) > 0} (the
closure of the support of A) if v = 0. Ann-dimensional possibility distribution
C is afuzzy set in R™ with a normal, continuous membership function of
bounded support. The family of possibility distributions of dimension n will
be denoted by F,,.



Let usrecall the concept and some basic properties of joint possibility distribu-
tionintroduced in [4]. If Ay,..., A, € F arefuzzy numbers, and C' € F,, is
apossibility distribution, then C' is said to be their joint possibility distribution
if

Aq(x) xjglﬂg;;ic‘(xl, ey Tn), 1)
holdsfor all z; € R, 7 =1,...,n. Furthermore, A; is called the i-th marginal
possibility distribution of C. If Ay,..., A, € F arefuzzy numbers, and C is
their joint possibility distribution then,

C(x1,. .., xn) <min{Ai(z1),..., Ap(zn)},

or equivaently,
[C]" C[A]7 x ... x [4,]7,

holdsfor al « = (z1,...,z,) € R*and~y € [0, 1].

Figure 1: Non-interactive fuzzy numbers.

The biggest (in the sense of subsethood of fuzzy sets) possibility distribution
plays a special role; it defines the concept of non-interactivity of fuzzy num-
bers. Fuzzy numbers Ay, ..., A, are said to be non-interactive if their joint
possibility distribution C' satisfies the relationship

C(x1,. .., xn) =min{Ai(z1),..., Ap(zn)},

or equivalently,
[C]7 = [A1]7 x ... x [A,]7,
foral z = (z1,...,2,) € R"and v € [0, 1].



2 The extension principle for interactive fuzzy num-
bers

Following [1] we will formulate the following extension principle for interac-
tive fuzzy numbers.

Definition 2.1. [1] Let A;,..., A, € F and let C be their joint possibility
distribution, and let f: R™ — R be a continuous function. Then

fe(Ar, ..., Ap)
is defined by

fo(Ay, ..., An)(y) = sup C(x1y...,2p). 2

y=f(x1,...,Tn)

Since the joint possibility distribution uniquely defines its marginal distribu-
tions - by the rule of falling shadows (1) - we shall use the notation

f(C) = fo(Ar, ..., Ap).

Remark 2.1. If Ay,..., A, arenon-interactive, that is, their joint possibility
distribution is defined by

C(x1,...,xn) =min{Ai(z1),..., Ap(zn)},

then (2) turns into the extension principle introduced by Zadeh in 1965 [6].
Furthermore, if

Clx1y...,xn) =T(A1(z1), ..., An(xn)),
where T is a t-norm then we get the t-norm-based extension principle.

Let C bethejoint distributionof Ay, ..., A, € F,andletm;(z1,...,2,) = 2;
be the projection function onto the i-th axis. Then, using Definition 2.1 wefind

mi(C)(y) = sup C(x1,...,xpn) = sup C(x1,...,25) = Ai(y),

y:7r11($17---733n) Y=i

forany y € R, that is,
mi(Ar, ..., Ap) = A,

fori =1,...,n. Furthermore, for any v € [0, 1] wefind

SO = £(CT).

Hence, we have the following lemma, which can be interpreted as a general-
ization of Nguyen’s theorem [5].



Lemma 1. [1] Let Ay,..., A, € F be fuzzy numbers, let C' be their joint
possibility distribution, and let f: R™ — R be a continuous function. Then,

[fe(Ar, ..., 4n)]" = [F(O)]" = f([C]")
for all v € [0, 1].

Inparticular, [f(C)]” C Risacompactinterval forany v € [0, 1] since contin-
uous functions map compact and connected sets into compact and connected
sets. Furthermore, from the relationships [C]# C [C]™ and [f(C)]* C [f(C)]”
forany 0 <7 < pu < 1wegetthat f(C) isawaysafuzzy number.

3 Example

We illustrate Lemma 1 by a simple example.

Let A = (a,«) and B = (b, o) be symmetrical triangular fuzzy numbers with
A =[a— (1 =7)a,a+ (1 =), [B]" =b— (1 =), b+ (1 —7)a],
and let their joint possibility distribution C' be defined by the product ¢-norm,

i.e
C(z,y) = A(z) - B(y),

and let f(z1,22) = 21 + 22 be the addition operator on R2. Then,

[C] = cl{(z,y) € R*|C(z,y) > 7}
={(z,y) € R*|(a — |z — al)(a — |y — 1))
2a2v,|x—a| S()&,|y—b|§0&},

and according to Lemma 1 a~-level set of A + B iscomputed by

[A+ B = {z +y e R|(z,y) € [C]"}
={z+ycRl(a— |z —al)(a—|y )
2@27,|:1:—a| §a7|y_b‘ SO‘}

Since

at+b—|z—al—|y—-b<z+y<a+b+|r—al+|y—1,



and by using the inequality between the arithmetic and geometric means we
get

[z —al + ]y —b]
2 )

a7 < V(a—lz—a)la—ly-b) <a-

that is |z — a| + |y — b] < 2a(1 — /7) holdsforal v € [0,1] and 2,y € R
for which |z — a| < aand |y — b| < «, therefore

r+y<atbt|r—al+ly—b<a+b+2a(l-.\7) 3)

and
r+y>a+b—|z—al—|y—>b>a+b—2a(l—./7). 4

Furthermore, inequalities (3) and (4) are strong, which can be seen by setting
r=a+al-y7),y=b+a(l—-")
and
r=a—o(l—7),y=b—a(l—\7),
respectively. Finally, we get
[A+B]" =[a+b—2a(l —\/7),a+b+2a(1 —/7)]

for al v € [0, 1], and the membership function of the sum has the following
form

la+b— z|\?
(A+ B)(z) = <1 — T) * X[a+b—2a,a-+b+20] (%),

WhEre X [q45—2a,a+b+2q] dENotesthe characteristic function of interval

[a+b—2a,a+ b+ 2al.

4 Summary

We have generaized Zadeh's extension principle for interactive fuzzy num-
bers viajoint possibility distributions. We have shown that Nguyen's theorem
remains valid in this environment. Other results on interactive fuzzy numbers
canbefoundin[2, 3, 4].
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