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Social networks 
The ability to collect and analyze such social network data provides unique opportunities to 
understand the underlying principles of social networks, their formation, evolution and 
characteristics. 
- Algorithms: Design of novel algorithms, algorithms for analyzing social networks, as well to 
improve the performance of information sharing in social networks. 
- Systems: Development of new systems to harvest, collect and analyze data from online social 
networks, as well building novel social networking applications. 
- User Behavior: Understanding the user behavior in social networks, in particular understanding 
incentives for users to form and participate in social networks, as well as understand the 
importance of communities, influence and reputation in social networks. 
 

http://web.cs.toronto.edu/research/areas/sn.htm 



Opinion dynamics in social networks 
Knowing more people gives one greater access, enhances the sharing of 
information, and makes it easier to influence others for the simple reason that 
influencing people you know is easier than influencing strangers. 

https://www.livetradingnews.com/share-network-powerful-becomes-7578.html#.WwumA0iFO70 



Part-1: Modeling 
   



Multiple Interdependent Topics 



Multiple Interdependent Topics 

Junk food 
baseball 

football 

paper 
North Korea 

football 

drink 

conference 

game 

Brushing teeth 

chocolate 

drama 
homework 

exercise 

 football 

Father(advisor) 

drama 



Multiple Interdependent Topics 

drama 
Junk food 

baseball 

football 

paper 
North Korea 

football 

drink 

conference 

game 

Brushing teeth 

chocolate 

drama 
homework 

exercise 

 football 

Father(advisor) 



Multiple Interdependent Topics 

game 

Brushing teeth 

chocolate 

Game: S_g = 0.7 vs. H_g = 0.3 

Brushing: S_b = 0.1 vs. H_b = 1.0 

chocolate: S_c = 0.9 vs. H_c = 0.01 



Multiple Interdependent Topics 

game 

Brushing teeth 

chocolate 

Game: S_g = 0.7 vs. H_g = 0.3 

Brushing: S_b = 0.1 vs. H_b = 1.0 

chocolate: S_c = 0.9 vs. H_c = 0.01 

Preference or disfavor  



Multiple Interdependent Topics 

game 

Brushing teeth 

chocolate 

Game: S_g = 0.7 vs. H_g = 0.3 

Brushing: S_b = 0.1 vs. H_b = 1.0 

chocolate: S_c = 0.9 vs. H_c = 0.01 



Multiple Interdependent Topics 

game 

Brushing teeth 

chocolate 

Game: S_g = 0.7 vs. H_g = 0.3 

Brushing: S_b = 0.1 vs. H_b = 1.0 

chocolate: S_c = 0.9 vs. H_c = 0.01 

Game: S_g = 0.51 vs. H_g = 0.49 

Brushing: S_b = 0.1 vs. H_b = 1.0 

chocolate: S_c = 0.9 vs. H_c = 0.01 

Agree each other  
(consensus) 



Multiple Interdependent Topics 

game 

Brushing teeth 

chocolate 

Game: S_g = 0.7 vs. H_g = 0.3 

Brushing: S_b = 0.1 vs. H_b = 1.0 

chocolate: S_c = 0.9 vs. H_c = 0.01 

Game: S_g = 0.51 vs. H_g = 0.49 

Brushing: S_b = 0.4 vs. H_b = 0.6 

chocolate: S_c = 0.9 vs. H_c = 0.01 

Agree each other  
(consensus) 

Positive 
effect ! 



Multiple Interdependent Topics 

game 

Brushing teeth 

chocolate 

Game: S_g = 0.7 vs. H_g = 0.3 

Brushing: S_b = 0.1 vs. H_b = 1.0 

chocolate: S_c = 0.9 vs. H_c = 0.01 

Game: S_g = 0.51 vs. H_g = 0.49 

Brushing: S_b = 0.4 vs. H_b = 0.6 

chocolate: S_c = 0.6 vs. H_c = 0.4 

Positive 
effect ! 

Agree each other  
(consensus) 

Positive 
effect ! 



Multiple Interdependent Topics 

game 

Brushing teeth 

chocolate 

Game: S_g = 0.7 vs. H_g = 0.3 

Brushing: S_b = 0.1 vs. H_b = 1.0 

chocolate: S_c = 0.9 vs. H_c = 0.01 

Game: S_g = 0.51 vs. H_g = 0.49 

Brushing: S_b = 0.4 vs. H_b = 0.6 

chocolate: S_c = 0.6 vs. H_c = 0.4 

Positive 
effect ! 

Agree each other  
(consensus) 

Positive 
effect ! 

* Change S_g from 0.7 to 0.51 and                        
             H_g from 0.3 to 0.49 



Multiple Interdependent Topics 

game 

Brushing teeth 

chocolate 

Game: S_g = 0.7 vs. H_g = 0.3 

Brushing: S_b = 0.1 vs. H_b = 1.0 

chocolate: S_c = 0.9 vs. H_c = 0.01 

Game: S_g = 0.51 vs. H_g = 0.49 

Brushing: S_b = 0.4 vs. H_b = 0.6 

chocolate: S_c = 0.6 vs. H_c = 0.4 

Positive 
effect ! 

Agree each other  
(consensus) 

Positive 
effect ! 

* Change S_g from 0.7 to 0.51 and                        
             H_g from 0.3 to 0.49 

Then, it will give you 
positive feedbacks… 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Modeling for the update of Hyosung’s opinions 

H_g 

H_b 

H_c 

. 

. 

. = 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Modeling for the update of Hyosung’s opinions 

Choosing (assigning) 

H_g 

H_b 

H_c 

. 

. 

. = 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

Change to the bigger,  

Modeling for the update of Hyosung’s opinions 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

Change to the bigger, the better 

Speed up 
to agree! 

Modeling for the update of Hyosung’s opinions 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

<0 

Change to the bigger, the worse 

Speed up 
to be away! 

Modeling for the update of Hyosung’s opinions 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Modeling for the update of Hyosung’s opinions 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Modeling for the update of Hyosung’s opinions 

+ 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Modeling for the update of Hyosung’s opinions 

+ 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Modeling for the update of Hyosung’s opinions 

+ 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Modeling for the update of Hyosung’s opinions 

+ 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 

Why? 

sign(S_b- H_b)  positive  H_b needs to be increased 

sign(S_b- H_b)  negative  H_b needs to be decreased 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Negative effect: -sign(S_b- H_b) 

Modeling for the update of Hyosung’s opinions 

+ 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Negative effect: -sign(S_b- H_b) 

Modeling for the update of Hyosung’s opinions 

+ 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Negative effect: -sign(S_b- H_b) 

Magnitude: inverse relationship of abs(S_g – H_g) 

Modeling for the update of Hyosung’s opinions 

+ 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Negative effect: -sign(S_b- H_b) 

Magnitude: inverse relationship of abs(S_g – H_g) 

Magnitude: or, proportional to abs(S_g – H_g) 

Modeling for the update of Hyosung’s opinions 

+ 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Negative effect: -sign(S_b- H_b) 

Magnitude: inverse relationship of abs(S_g – H_g) 

Magnitude: or, proportional to abs(S_g – H_g) 

Modeling for the update of Hyosung’s opinions 

+ 

(S_g = 0.7, H_g = 0.3)  vs. (S_g = 0.49, H_g = 0.51) 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Negative effect: -sign(S_b- H_b) 

Magnitude: inverse relationship of abs(S_g – H_g) 

Magnitude: or, proportional to abs(S_g – H_g) 

Modeling for the update of Hyosung’s opinions 

+ 

(S_g = 0.7, H_g = 0.3)  vs. (S_g = 0.49, H_g = 0.51) 

Almost agreement (close) (Less close) 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Negative effect: -sign(S_b- H_b) 

Magnitude: inverse relationship of abs(S_g – H_g) 

Magnitude: or, proportional to abs(S_g – H_g) 

Modeling for the update of Hyosung’s opinions 

+ 

(S_g = 0.7, H_g = 0.3)  vs. (S_g = 0.49, H_g = 0.51) 

Almost agreement (close) (Less close) 

Positive coupling 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Negative effect: -sign(S_b- H_b) 

Magnitude: inverse relationship of abs(S_g – H_g) 

Magnitude: or, proportional to abs(S_g – H_g) 

Modeling for the update of Hyosung’s opinions 

+ 

(S_g = 0.7, H_g = 0.3)  vs. (S_g = 0.49, H_g = 0.51) 

Almost agreement (close) (Less close) 

Positive coupling 

0.7-0.3 

Game: S_g = 0.7 vs. H_g = 0.3 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

Positive effect (coupling) vs. negative coupling 

? 

Positive effect: sign(S_b- H_b) 

Negative effect: -sign(S_b- H_b) 

Magnitude: inverse relationship of abs(S_g – H_g) 

Magnitude: or, proportional to abs(S_g – H_g) 

Modeling for the update of Hyosung’s opinions 

It may be complicated!  



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

? 

….. 

? 

? ? 

What happens?  Interdependent 

Time and state dependent…. general matrix…  

(t,x) 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

? 

….. 

? 

? ? 

What happens?  Interdependent 

Time and state dependent…. general matrix…  

(t,x) 

Nominal model or linearization or some specific 
forms…  



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

Fixed matrix elements  Linearized interdependent model   
                   around a nominal (temporal-instant) social opinion network! 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 Anti (or non)-cooperative 
 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Case 2: S_g – H_g <0,  S_b- H_b >0 

Anti (or non)-cooperative 
 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Case 2: S_g – H_g <0,  S_b- H_b >0 

Anti (or non)-cooperative 
 cooperative 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Case 2: S_g – H_g <0,  S_b- H_b >0 

Case 3: S_g – H_g >0,  S_b- H_b <0 

Anti (or non)-cooperative 
 cooperative 

cooperative 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Case 2: S_g – H_g <0,  S_b- H_b >0 

Case 3: S_g – H_g >0,  S_b- H_b <0 

Case 4: S_g – H_g >0,  S_b- H_b >0 

Anti (or non)-cooperative 
 

Anti (or non)-cooperative 
 

cooperative 

cooperative 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

>0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

>0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

>0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 Cooperative 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

>0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Case 2: S_g – H_g <0,  S_b- H_b >0 

Cooperative 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

>0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Case 2: S_g – H_g <0,  S_b- H_b >0 

Cooperative 

Anti (or non)-cooperative 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

>0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Case 2: S_g – H_g <0,  S_b- H_b >0 

Case 3: S_g – H_g >0,  S_b- H_b <0 

Cooperative 

Anti (or non)-cooperative 

Anti (or non)-cooperative 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

>0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

Ex. -1  what is the physical meaning? 

Case 1: S_g – H_g <0,  S_b- H_b <0 

Case 2: S_g – H_g <0,  S_b- H_b >0 

Case 3: S_g – H_g >0,  S_b- H_b <0 

Case 4: S_g – H_g >0,  S_b- H_b >0 

Cooperative 

Cooperative 

Anti (or non)-cooperative 

Anti (or non)-cooperative 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

What is the optimal 
way (ex. change 
minimum number of 
elements) for a 
consensus (or cluster 
consensus)? 

Deterministic model – Static case! 



Multiple Interdependent Topics 

S_g – H_g 

S_b – H_b 

S_c – H_c 

>0 

>0 

>0 

<0 <0 

What happens?  Interdependent 

How (what values) to 
design the elements of 
matrix weights for a 
perfect consensus (or 
cluster consensus)? 

What is the optimal 
way (ex. change 
minimum number of 
elements) for a 
consensus (or cluster 
consensus)? 

For example, change your mind for the game for 
a complete consensus..^^ 

Deterministic model – Static case! 



Independent Update 

x 

Topics-1 
Topics-2 

Topics-m 

     : 
Independent update 



Multiple Interdependent Topics 

x 



Multiple Interdependent Topics 

x 



Multiple Interdependent Topics 

Interdependent update x 



Scalar vs. Matrix 

vs. 



Scalar vs. Matrix 

Connected? 
 - Positive connected 
 - Semi-positive connected 

vs. 



Scalar vs. Matrix 

Connected? 
 - Positive connected 
 - Semi-positive connected 

More general, realistic, but complicated 
different phenomenon 

vs. 



Scalar vs. Matrix 

Connected? 
 - Positive connected 
 - Semi-positive connected 

More general, realistic, but complicated 
different phenomenon 

Clusters 

vs. 



Physical Meaning of P.D and P.S.D 

Junkfod 
baseball 

football 

paper 
North Korea 

football 

drink 

conference 

game 

Brushing teeth 

chocolate 

drama 
homework 

exercise 

 football 

Father(advisor) 



Junkfod 
baseball 

football 

paper 
North Korea 

football 

drink 

conference 

game 

Brushing teeth 

chocolate 

drama 
homework 

exercise 

 football 

Father(advisor) 

Not many common interests 

Physical Meaning of P.D and P.S.D 



Junkfod 
baseball 

football 

paper 
North Korea 

football 

drink 

conference 

game 

Brushing teeth 

chocolate 

drama 
homework 

exercise 

 football 

Father(advisor) 

Not many common interests  Positive semi-definite ! 

Physical Meaning of P.D and P.S.D 



exercise 
homework 

drama 
 paper 

homework 

drama 

drink 

homework 

drama 
 exercise 

homework 

drama 
exercise 

homework 

 homework 
 

homework 

drama 

Physical Meaning of P.D and P.S.D 



exercise 
homework 

drama 
 paper 

homework 

drama 

drink 

homework 

drama 
 exercise 

homework 

drama 
exercise 

homework 

 homework 
 

homework 

drama 

Many common interests 

Physical Meaning of P.D and P.S.D 



exercise 
homework 

drama 
 paper 

homework 

drama 

drink 

homework 

drama 
 exercise 

homework 

drama 
exercise 

homework 

 homework 
 

homework 

drama 

Many common interests  Positive definite ! 

Physical Meaning of P.D and P.S.D 



Part-2: Analysis 
Problem 1-Fixed Matrices 

(Typical consensus-based ideas- Linearized/ Nominal 

or, positive & negative mixed)   



Model 1- static case 



Model 1- static case 



Model 1- static case 



Model 1- static case 

Def.: Clusters & cluster consensus (clustered opinions) 



Model 1- static case 

Def.: Clusters & cluster consensus (clustered opinions) 



Model 1- static case 

Def.: Clusters & cluster consensus (clustered opinions) 

x 
x 

x 

x x 
o 
o o o 

o > 
> 
> 
> > 

> 

> 



Model 1- static case 

Def.: Clusters & cluster consensus (clustered opinions) 

x 
x 

x 

x x 
o 
o o o 

o > 
> 
> 
> > 

> 

> 



Model 1- static case 

Def.: Clusters & cluster consensus (clustered opinions) 

x 
x 

x 

x x 
o 
o o o 

o > 
> 
> 
> > 

> 

> 

x 

o 

> 



Model 1- static case 

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  



Model 1- static case 

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  



Model 1- static case 

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  

A sole null space of 
scalar consensus 



Model 1- static case 

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  

A sole null space of 
scalar consensus 

Additional null space ! 



Model 1- static case 
Def.: Positive (semi-) connected  

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  



Model 1- static case 
Def.: Positive (semi-) connected  

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  



Model 1- static case 
Def.: Positive (semi-) connected  

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  

Thm.: Exact condition for a consensus  



Model 1- static case 
Def.: Positive (semi-) connected  

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  

Thm.: Exact condition for a consensus  

No other null space! 



Model 1- static case 
Def.: Positive (semi-) connected  

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  

Thm.: Exact condition for a consensus  



Model 1- static case 
Def.: Positive (semi-) connected  

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  

Thm.: Exact condition for a consensus  



Model 1- static case 
Def.: Positive (semi-) connected  

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  

Thm.: Exact condition for a consensus  
Connected ! 



Model 1- static case 
Def.: Positive (semi-) connected  

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  

Thm.: Exact condition for a consensus  



Model 1- static case 
Def.: Positive (semi-) connected  

Def.: Clusters & cluster consensus (clustered opinions) 

Property: Null space of Laplacian  

Thm.: Exact condition for a consensus  

Clusters! 
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Stubborn 

Model 2 - Opinion Dynamics with Stubborn Agents 
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Assumption: 

Agreement: Stubbornness  

Friedkin-Johnsen algorithm 
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+ - - +  -  +  +  -  
What happens? 

Non-cooperative 
opinion dynamics 
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“With slight change of 
formulation…… “ 

C. Altafini, “Consensus problem of networks with antagonistic 
interactions,” IEEE Trans. on Automatic Control, vol. 58. no. 4, pp. 935-
946, 2013 
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