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Abstract — This paper presents a case study of the TP (Tensor Product)
model transformation in the control of a nonlinear benchmark problem. We
design a nonlinear controller to the TORA system via TP model transformation
and LMI (Linear Matrix Inequality) based controller design technique. The
main contribution of the paper is to show that both numerical methods the
TP model transformation and the LMI can readily be executed by computer
independently on the given problem and without analytical derivations, which,
hence, leads to a fast way of controller designs for a class of engineering control
problems. Numerical simulation is used in the paper to provided empirical
validation of the control results.

1 Introduction

Recently a control design method was proposed byBaranyi for the stabilization of
parameter varying non-linear state-space models [1, 2, 3]. This method is based
on two numerical steps. In the first step the TP model transformation, introduced
by Baranyi [2], is executed. In the second step LMI’s are solved under the PDC
(Parallel Distributed Compensation) framework, that also includes the feasibility
solution of LMI’s. The method of the second step is still in active research [4]
(book [4] refers to a great number of related papers). The first step is capable of
transforming a given state-space model into a tensor product form (which is identical
with a class of the Takagi-Sugeno inference operator based fuzzy model, see in
Section 3.2) whereupon design techniques of the PDC framework, can immediately
be executed. The second step results in a controller according to various control
specifications.

It is worth noticing here that both steps are executed numerically by computers.
This implies two advantages such as: a) the controller can be derived automati-
cally, without analytic derivations; b) the identified model which the control design
method starts with can be defined either by analytical equations or by other soft
computing techniques, for instance by neural networks, fuzzy logic, or algorithms
based onRudastype generalized operators [5, 6].

The main goal of this paper is to study, via the control design of the TORA system
example, how to execute the above control design method. This control problem of
TORA has a great comparative literature related to different control theories. The



overview of this literature is behind the scope of this paper, but we refer the reader
to [7, 8, 9, 4].

A detailed preliminary study of this work investigates the use of the TP model
transformation in the control design of the inverted pendulum [10].

This paper is organized as: Section 2 introduces the notation being used in this
paper. Section 3 briefly summarizes some preliminaries and discusses the concept
of the control design method. Section 4 presents a detailed control design example.
Section 5 concludes the paper.

2 Nomenclature

This section is devoted to introduce the notations being used in this paper:{a,b, . . .}:
scalar values. {a,b, . . .}: vectors. {A,B, . . .}: matrices. {A ,B, . . .}: tensors.
RI1×I2×···×IN :vector space of real valued(I1× I2× ·· ·× IN)-tensors. Subscript de-
fines lower order: for example, an element of matrixA at row-column numberi, j
is symbolized as(A)i, j = ai, j . Systematically, theith column vector ofA is denoted
asai , i.e. A =

[
a1 a2 · · ·]. ¦i, j,n, . . .: indices. ¦I ,J,N, . . .: index upper bounds:

for example:i = 1..I , j = 1..J, n = 1..N or in = 1..In. A(n): n-mode matrix of ten-
sor A ∈ RI1×I2×···×IN . A ×n U: n-mode matrix-tensor product.A⊗nUn: multiple
product asA×1 U1×2 U2×3 ..×N UN. Detailed discussion of tensor notations and
operations is given in [11].

3 Preliminaries

This section is intended to define the basic concepts being used in this paper.

3.1 Parametrically varying state-space model

Consider parametrically varying state-space model:

sx(t) = A(p(t))x(t)+B(p(t))u(t) (1)

y(t) = C(p(t))x(t)+D(p(t))u(t),

with inputu(t), outputy(t) and state vectorx(t). The system matrix

S(p(t)) =
(

A(p(t)) B(p(t))
C(p(t)) D(p(t))

)
∈ RO×I (2)

is a parametrically varying object, wherep(t) ∈ Ω is time varyingN−dimensional
parameter vector, whereΩ = [a1,b1]× [a2,b2]× ..× [aN,bN] ⊂ RN is a closed hy-
percube.p(t) can also include some elements ofx(t). Further, for a continuous-time
systemsx(t) = ẋ(t) holds; and for a discrete-time systemsx(t) = x(t +1) holds.



3.2 Convex state-space TP model

Equ. (2) can be approximated for any parameterp(t) as a convex combination of
theR number of LTI (Linear Time Invariant) system matricesSr , r = 1..R. Matri-
cesSr are also termed as vertex system matrices. Therefore, one can define basis
functionswr(p(t)) ∈ [0,1] such that matrixS(p(t)) belongs to the convex hull ofSr

asS(p(t)) = co{S1,S2, ..,SR}w(p(t)), wherew(p(t)) defines the basis of the convex
combination. The control design method, to be applied in this paper, applies uni-
variate basis functions. Thus, the explicit form of the convex combination in terms
of tensor product becomes:

(
sx(t)
y(t)

)
≈
δ

(
I1

∑
i1=1

I2

∑
i2=1

..
IN

∑
iN=1

N

∏
n=1

wn,in(pn(t))Si1,i2,..,iN

)(
x(t)
u(t)

)
. (3)

(3) is termed as TP model in [1, 2]. Functionwn, j(pn(t)) is the j-th univariate
basis function defined on then-th dimension ofΩ, andpn(t) is then-th element of
vectorp(t). In (n=1,...,N) is the number of univariate basis functions used in then-
th dimension of the parameter vector. The multiple index(i1, i2, ..., iN) refers to the
LTI system corresponding to thein−th basis function in then-th dimension. Hence,
the number of vertex systemsSi1,i2,..,iN is obviouslyR= ∏n In.

Remark 1 Equation (3) is also known as the explicit inference form of the Takagi-
Sugeno inference operator based fuzzy model (TS fuzzy model for brevity). For
instance, (3) is defined by fuzzy rules:

IF w1,i1(p1(t)) AND w2,i2(p2(t)) ... wN,iN(pN(t)) THEN Si1,i2,..,iN ,

where functionswn,in(pn(t)) represent the antecedent fuzzy sets and matricesSi1,i2,..,iN
represent the consequent systems.

One can rewrite (3) in the concise TP form as:
(

sx(t)
y(t)

)
≈
δ

(
S

N⊗
n=1

wn(pn(t))
)(

x(t)
u(t)

)
, that is S(p(t))≈

ε
S

N⊗
n=1

wn(pn(t)). (4)

Here, row vectorwn(pn) ∈ RIn contains the basis functionswn,in(pn), theN + 2 -
dimensional coefficient tensorS∈ RI1×I2×···×IN×O×I is constructed from the linear
constant system matricesSi1,i2,...,iN ∈RO×I . The firstN dimensions ofSare assigned
to the dimensions ofΩ. The convexity of the TP form is ensured by the conditions:

∀n, i, pn(t) : wn,i(pn(t)) ∈ [0,1]; ∀n, pn(t) :
In

∑
i=1

wn,i(pn(t)) = 1. (5)

S(p(t)) can be exactly decomposed into TP model form (δ = 0 in equations (3) and
(4)) in many cases. However, one should face that exact finite element TP model
(the number of LTI systems in the TP model is finite) representation does not exist



in general (δ > 0 in equations (3) and (4)), see [12]. In this case the task is to
achieve an acceptableδ via increasing the number of LTI systems of the TP model.
This, however, soon leads to the approximation trade-off. The dynamic model in
the example of this paper can exactly be represented by TP model form.

3.3 TP model transformation [1, 2, 3]

The goal of the TP model transformation is to transform a given state-space model
(1) into convex TP form, namely to (4) with conditions (5).

Let the synopsis of the TP model transformation be:

(wn=1..N(pn(t)),S) = TP_trans f(S(p(t)),Ω), (6)

whereS(p(t)) ∈RO×I is from (2), andΩ⊂RN denotes the bounded domain which
the transformation is performed over. It is assumed thatS(p(t)) can be determined
for all p(t) ∈ Ω eider by explicit analytic forms, neural network or other soft com-
puting identification techniques. Vectorswn(pn(t)) ∈ RIn and tensorS of (6) are
defined at (4).

3.4 LMI based controller design under PDC framework

The PDC design techniques determine one feedback to each vertex model:

K = PDC(S ,stability_theorem), (7)

then define the control value by the same basis function system as:

u(t) =−
(

K
N⊗

n=1
wn(pn(t))

)
x(t), (8)

which ensures the system performance defined by the selected "stability_theorem"
in (7). "stability_theorem" is a symbolic parameter. It specifies the stability criteria
and the desired control performance expressed in terms of LMI’s. For instance, the
speed of response, constraints on the state vector or on the control value can be
considered via properly selected LMI based stability theorems.

The example, discussed in Section 4 of this paper, applies one of the most basic
LMI theorems to achieve a global asymptotic stability for a given dynamic system.
In order to complete the paper let us recall briefly this theorem here:

Method 1 (Global and asymptotic stabilization of continuous TP model)Assume a
given state-space model in TP form (4) with conditions (5). In order to have a direct
link to the typical form of LMI theorems, let the following indexing be defined:

Sr =
(

Ar Br

Cr Dr

)
= Si1,i2,..,iN ,



wherer = ordering(i1, i2, .., iN) (r = 1..R= ∏n In). The function "ordering" results
in the linear index equivalent of anN dimensional array’s indexi1, i2, .., iN, when
the size of the array isI1× I2× ..× IN. Let the basis functions be defined according
to the sequence ofr:

wr(p(t)) = ∏
n

wn,in(pn(t)).

Then the controller design can be derived from the Lyapunov stability theorems for
global and asymptotic stability as shown in [4], and is done as:

Find X > 0 andM r satisfying equ.

−XAT
r −ArX +MT

r BT
r +BrM r > 0 (9)

for all r and
−XAT

r −ArX−XAT
s −AsX+ (10)

+MT
s BT

r +BrMs+MT
r BT

s +BsM r ≥ 0.

for r < s≤ R, except the pairs(r,s) such thatwr(p(t))ws(p(t)) = 0,∀p(t).
Since the above conditions (9) and (10) are LMI’s with respect to variablesX

andM r , we can find a positive definite matrixX and matrixM r or determine that
no such matrices exist. This is a convex feasibility problem. Numerically, this prob-
lem can be solved very efficiently by means of the most powerful tools available in
the mathematical programming literature e.g.MATLAB-LMI toolbox [13]. The
feedback gains can be obtained form the solutionsX andM r as

K r = M rX−1 and P = X−1. (11)

Then, by the help ofr = ordering(i1, i2, .., iN) one can define feedbacksK i1,i2,..,iN
from K r obtained in (11) and store into tensorK of (8).

4 Example: Control of the TORA system

Consider the system shown in Figure 1. which represents a translational oscillator
with an eccentric rotational proof mass actuator (TORA) [7, 8, 9, 4]. The nonlinear
coupling between the rotational motion of the actuator and the translational motion
of the oscillator provides the mechanism for control. Letx1(t) andx2(t) denote the
translational position and velocity of the cart witḣx1(t) = x2(t). Let x3(t) = θ(t)
and ẋ3(t) = x4(t) denote the angular position and velocity of the rotational proof
mass. Then the system dynamics can be described by the equation:

ẋ(t) = f (x3(t),x4(t))x(t)+g(x3(t))u(t),

whereu is the torque applied to the eccentric mass, and

f (x(t))=




0 1 0 0
−1

1−ε2cos2(x3(t)) 0 0 εx4(t)sin(x3(t))
1−ε2cos2(x3(t))

0 0 0 1
εcos(x3(t))

1−ε2cos2(x3(t)) 0 0 −εx4(t)sin(x3(t))
1−ε2cos2(x3(t))


 , g(x(t))=




0
−εcos(x3(t))

1−ε2cos2(x3(t))
0
1

1−ε2cos2(x3(t))


 ,



and letε = 0.05. The linearization around the equilibrium point has a pair of
nonzero imaginary eigenvalues and two zero eigenvalues. Hence the system at the
origin is an example of a critical nonlinear system. The goal of the control is to
asymptotically stabilize the system. In the present example we do not go further
than stabilization and apply the simple Method 2 for controller design. Note that
further control specification can be guarantied by other LMI’s.

Figure 1: TORA

4.1 Controller design

Observe that the nonlinearity is caused byx3(t) andx4(t). For the TP model trans-
formation we define the transformation space asΩ = [−a,a]× [a,a] (x3(t) ∈ [−a,a]
andx4(t) ∈ [−a,a]), wherea = 55/180π (note that these intervals can be arbitrarily
defined). Let the density of the sampling grid be100×100. The sampling results in
As

i, j andBs
i, j , wherei, j = 1..100. Then we construct matrixSs

i, j =
(
As

i, j Bs
i, j

)
and

tensorSs ∈ R100×100×2×3 from Ss
i, j . If we execute HOSVD on the first two dimen-

sions ofSs then we find that the rank ofSs on the first two dimensions are 4 and
3 respectively. This means that the TORA system can be exactly given as convex
combination of4×2= 8 linear vertex model. In the present case the fourth singular
value of the first dimension is very small, therefore we discard it. Consequently, we
reduce the rank of the first dimension to three, which causes a dispensable error. In
conclusion, the TP model transformation describes TORA system as:

ẋ(t) =
3

∑
i=1

2

∑
j=1

w1,i(x3(t))w2, j(x4(t))(A i, jx(t)+Bi, ju(t)) . (12)

The basis functionsw1,i(x3(t)) andw2, j(x4(t)) are depicted on Figure 2.
Having the above resulting vertex models one can easily execute Method 2.

4.2 Control results

Figure 3 shows the state valuesx1(t) andx3(t) for the initial conditionsx1(0) =
0.1m, x3(0) = −20/180π, when the control is switched off. Figure 4 shows the
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Figure 2: Basis functions on dimensionx3(t) andx4(t)

control result when the control is switched on att = 0s. The figures show how
the controller stabilize the system. Note that we applied one of the simplest LMI
technique which does not consider any control specification (speed of the controller,
other optimization) except global asymptotic stability.
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Figure 3: State valuesx1(t) andx3(t) without control (t=1..300s))

5 Conclusion

This paper shows that once we have a computer program, for instance in MAT-
LAB, of the TP model transformation and the LMI solver (MATLAB LMI control
toolbox [13]) then the control design method, studied in this paper, can easily and
automatically be executed. The same algorithm was executed in the control design
of other problems, see [3, 10]. This paper applied a simple LMI theorem in the
controller design. As a matter of fact, we can select other LMIs that are capable
of considering further control specifications behind global asymptotic stability. As
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Figure 4: Controlled state valuesx1(t) andx3(t) (t=1..170s)

future work we apply the TP model transformation based controller design to a gas
turbine exhibiting various nonlinear control phenomena.
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