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Abstract: The concept of priority is often used in real time systems. In this paper a
system called pFCSP is given that captures and implements the concept of priority.
Using this system we can broaden the query language FSQL with queries that can
handle priority. FSQL is a query language for fuzzy relational databases (FRDB). In
our model priority reasoning which has theoretical background is incorporated giving
us yet another dimension in knowledge acquisition through data mining.
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1 Introduction

Priority is most often viewed as the importance level of an object. The concept
of priority is often used in real time systems.

FSQL is a query language which implements fuzzy queries and it is an
upgrade of standard SQL. Most often it is implements on fuzzy databases and
supports fuzzy notions i.e. high, low, large small etc. (see [2, 9])

In this paper a proposition for including priority into FSQL will be given.
The theoretic background will be the axiomatic framework of pFCSP’s (pri-
oritized fuzzy constraint satisfaction problems). pFCSP’s were introduced by
Dubois, and an axiomatic framework was given in [7]. pFCSP is actually a
FCSP (fuzzy constraint satisfaction problem) in which the notion of priority is
introduced. One of the key factors in that implementation are priority t-norms.
They are introduced in such a way that the smallest value (usually the value
with the biggest priority) has the largest impact on the result given by priority
t-norm.

We will give an axiomatic framework for pFCSP and also some systems
which satisfy this framework thus justifying its cause.

Finally, we will show what type of queries can be included into FSQL and
sketch the implementation idea avoiding technicalities.



2 Priority t-norms

First, we will give a definition of t-norms. For more details on t-norms see [4].

Definition 1 A mapping T : [0,1]? = [0,1] is called a t-norm if the following
conditions are satisfied for all z,y,z € [0,1]:
(T1) T(z,y) = T'(y,)

(1T2) T(z,T(y,2)) = T(T(z,y),2)
(T3) if y < z then T'(z,y) < T'(z,2)
(T4) T(x,1) = z.
The four basic t-norms are:
TM(xa y) = min(a:, y)
Tp(z,y) =zy
Tr(z,y) = max(x +y — 1,0)
0, if(z,y) € [0.1];

Tp(x,y) = . .
min(z,y) otherwise.
Since every t-norm is associative (condition (T3)) it can easily be extended
to n-ary operation:

T(z1,22,...,2n) =T(z1,T(z2,...T(Tpn_1,2n))...)

Ifwl:w2:...:;gn:g;wedenoteT(w,"',m)zmg?)-

Now, we will give a short definition of copulas. For more details on copulas
see [8].

Definition 2 A two-dimensional copula (or briefly 2-copula or simply copula)
is a binary operation C on the unit interval [0,1], i.e., a function C : [0,1]* =
[0,1], such that for all x < z* and y < y* we have:

(C01) Cla,y) + C(a,y*) > Clary®) + Cla*,y)

(CO2)C(z,0) = C(0,z) =0

(CO3) C(xz,1) =C(l,z) ==z

In to order to introduce priority into FCSP (fuzzy constraint satisfaction
problem) priority t-norms are used. When it is necessary to satisfy all the
constrains a t-norm is used to aggregate the degree of satisfaction of each one
of the constrains. PFCSP (prioritized fuzzy constraint satisfaction problem )
is designed in such a way that the constraint with the largest priority is more
likely to have a smaller value. Definition of priority t-norms is such that the
increase of the smallest value (most often the value of the constraint with the
highest priority) has a bigger impact i.e. gives larger values of the general
satisfaction degree than an increase on any other components. More details on
PFCSP, axioms, instantiation and validation is given in [7]. Priority t-norms
are defined in the next definition.

Definition 3 A t-norm is called a priority t-norm if the following condition
holds for all a; < ay in [0,1] and § such that as + 3 < 1:



T(a1 + 0,a2) > T(a1, a2 + 9)

Proposition. Three basic t-norms, T, Tp and T7, are priority t-norms.

Proposition. The fourth basic t-norm (non-continuous), T is not a pri-
ority t-norm.

The following theorem gives a characterization of priority t-norms.

Theorem 1 The following propositions are equivalent:

(i) T is a continuous priority t-norm

(i) T is an ordinal sum of Archimedean associative copulas, T,, o € A,
where A is the index set.

3 pFCSP - Prioritized Fuzzy Constraint Satis-
faction Problem

Definition 4 A fuzzy constraint satisfaction problem (FCSP) is defined as a
3-tuple (X, D, CY) where:

1. X ={z;]i =1,2,--- ,n} is a set of variables.

2. D={d;li =1,2,--- ,n} is a finite set of domains. FEach domain d; is a
finite set containing the possible values for the corresponding variable x;
mn X.

3. CT is a set of fuzzy constrains. That is,

¢l ={Rlug - ( [[ d)=>10,1i=12,---n}
zjevar(R{)

Definition 5 A label of a variable x is an assignment of a value of the vari-
able, denoted as v,. A compound label v, of all variables in the set X' =

xy, xh, -+ 2 is a simultaneous assignment of all variables in the set X', that
18,
— (] '
Uxr = (vmlavmgv e avxn)'

The membership degree of each constraint indicates the local degree to
witch the constraint is locally satisfied with a compound label. In order to
obtain the global satisfaction degree local degrees are aggregated.

Definition 6 In a FCSP (X, D, C7), given a compound label v, of all variables
X, the global satisfaction degree for the compound label v, is defined as

a(UX) = @{NR{ (Uvar(Rf))|Rf € Cf}



where @ is an aggregation operator on the unit interval. A solution of FCSP
is a compound label vx such that

a(vx) > agp

where aq is called a solution threshold which is usually predetermined.

If all constrains in FCSP have to be satisfied a t-norm is used for ®. If at
least one of the constrains has to be satisfied a t-conorm is used.

In order to introduce the concept of priority into FCSP the following ax-
iomatic framework is given:

Definition 7 When given (X, D,C’,p), where p : Rf = [0,00[ and a com-

pound label vy of all variables in X, and @ : [0,1]™ = [0,1], ¢ : [0, 00[x[0,1] =
[0,1] and a satisfaction degree a,(vx) which is calculated in the following way:

ap(UX) = @{g(p(Rf),/J/le (Uvar(Rf)))|Rf € Cf}a
it is a PFCSP if the following azioms are satisfied:

1. If for the fuzzy constraint RY, .., pmaz = pmaz(RY,,..) = max{p(R?)|R/ €
C’} then

Hyar(REany = 0= a,(vx) =0

2. If 3po € [0,1], Rf € CF, p(R') = py, then

Oé(’UX) = @{ule (vvar(Rf))|Rf € Cf}
where @ is a t-norm.

3. For R{, R;-c € O, suppose p(Rf) > p(Rf), 0 > 0 and there are two
different compound labels vx and v’y such that

o when Rf # le and Rf # R; then we have pgps (Vyar(rs)) = Hrs (”;m«(Rf))

e when R = le then we have pgs (Vyar(rs)) = RS (U;)ar(Rf)) +0

o when Rf = R;-c then we have pgs (v;ar(Rf)) = tps (Vyar(rs)) + 6

Then the following property holds:

a(vx) > a(v).



4. For two different compound labels vx and v’y such that VR! € Cf

122:4 (Uvar(Rf)) > [tRf (Ui;ar(Rf))

then the following holds

a(vx) > a(vy)

5. If there exists a compound label such that VR € CF, pgs (’Uvm«(Rf)) =1

then a,(vx) = 1.

The first axiom states that if the constraint with the maximum priority has
a zero value of the local satisfaction degree then the global satisfaction degree
should be also zero.

The second axiom states that if all priorities are equal PFCSP should be a
FCSP.

The third axiom is the most important one. It captures the notion of priority
i.e. if one constraint has a larger priority then, the increase of the value on that
constraint should result in a bigger increase of the global satisfaction degree
then when the value with the smaller priority has the same increase. This
rather complicated explanation is the result of the if clause in the third axiom
which will be removed later in the paper yielding to new pFCSP systems. The
fourth axiom is the monotonicity property, and the fifth is the upper boundary
condition.

In order to obtain an actual PFCSP we will introduce several types of
operators.

Definition 8 An operator @ : [0, 00[x]0, 0o[= [0, 1] is called a general division
operator if the following conditions are satisfied:

e Va €]0,00[, a®a=1
e Ya€]0,00[, 00a=0
e Yay, a} €[0,00[, az € (0,00), a; < a}) = a1 @az < a} @ as

e Yap, € [0,00[, az, a, € (0,00), as < a) = a; @ ay > a; O a)

a
It is easy to see that the classical division a1 @ as = L satisfies the previous
as
conditions.

Definition 9 An operator ¢ : [0,1] x [0,1] = [0, 1] is called a priority operator
if the following conditions are satisfied:

e YVa€[0,1], 1oa=a

e Yae0,1],00a=1



o Yai, az, ay €10,1], az < ah = a1 0 as < ay ¢ ah
e Yay, aj, az € [0,1], a1 < a} = a1 0as > a} oay

Actually these conditions are designed in such a way that for any every
t-conorm S, the operator a; ¢ as = S(1 — ay,as2) is a priority operator.

Definition 10 A t-norm is called a priority t-norm if the following condition
holds for all a; < as in [0,1] and § such that as + 6 < 1:

T(a1 + 5, 0,2) > T(al, as + 6)

The characterization of priority t-norms is given in the following section.
The most common priority t-norm is the Ths(a1,a2) = min(aq, as).
Now we will give a concrete pFCSP which satisfies previously given axioms.

Theorem 2 Let (X,D,C7,p) be defined in the following way:
1. X ={z;]i =1,2,--- ,n} is a finite set of variables.

2. D={d;li =1,2,--- ,n} is a finite set of domains. FEach domain d; is a
set containing the possible values for the corresponding variable x; in X.

3. Cf is a set of fuzzy constrains. That is,

szU[LT(R{)

4. p:[0,00[=1[0,1]

Then if
is a priority t-norm then the following system is a PFCSP:

a,(vx) =
L

where @L(xay) = TL(I’,]J), and Op(l',y) = SP(]- - 'Tay)

p(RY)
pmam)

op V’le (Uvar(Rf))|Rf € Of}a

It is interesting that the system based on the two most common operators
min and max does not satisfy is not a pFCSP which is a surprising result.

Proposition. The following system does not satisfy the third axiom
given in this section:

RS
a,(vx) = @{/p)(—i op Hps (Uvar(Rf))|Rf e cfy,
L max

Where @, (z,y) = min(z,y), and op(z,y) = max(l — z,y).



Now we will try to expand our set of pFCSP with some other combinations
of operators. The Frank t-norms are given by the following formula:

T =
v (o) Tu(,9), i) = oo;

logy (1 + A=D1y ) €]o, 1[U]1, ool.

Also, Frank t-conorms are given by the following formula:

S =
A (@) Si(,y), ifA = oo;

1 —log, (1 + =D =1y 5 €0, 1{U]1, o0].

Theorem 3 The following system satisfies axioms 1,2,4,5 and the changed
third axiom:

p(RY)
pmaz)

op /'LR{ (vvar(Rf))|Rf € C’f}a

ay(vx) = @{
L
if @ (z,y) = Tf(a?,y), and op(z,y) = Sf(l —x,y), for A > 1.

4 FSQL

4.1 Fuzzy Relational Databases and FSQL

In order to expand classical relational databases to model impression fuzzy
relational databases (FRDB) are introduced. Many models dating up to 1982
of FRDB have been studied.

Classical databases store only precise information. For example if a persons
height is not known but it is known that a person is a tall person classical
databases cannot store this information. On the other hand FRDB through
the concept of linguistic labels can have the value tall for attribute height.
Besides storing imprecise values FRDB through FSQL can answer a broader
set of queries. Take for example queries: [ need students of medium height
that have good marks in PE or Give me people with average salaries and small
housing capacity etc.

Now we will see how data is stored in FRDB. In the model introduced in
[2] two types of data are introduced:

1) Traditional database - traditional data with crisp and/or fuzzy attributes

2) Fuzzy meta knowledge base - information about attributes and their
relations is stored in a relational format



Now we will give a short preview of FSQL. The main extensions of classical
SQL are:

e linguistic labels: each label has a possibility distribution or a similarity
relation with other labels. Mostly, trapezoidal possibility distributions
are used.

e fuzzy comparators: fuzzy equal, fuzzy greater or lower etc. that can be
either necessity or possibility comparators.

e fulfillment threshold: a value in the unit interval indicating that the
condition should be fulfilled to a minimum degree

e fuzzy constants: unknown, undefined, trapezoidal values, approximately
n, range [m,n] and null.

Now we will give an idea how to implement priority queries into FRDB.

4.2 Incorporating priority queries into FSQL

In the previous section we have introduced pFCSP who can handle priority.
Also, the a concrete pFCSP which uses T, and S, or any Frank t-norm and
t-conorm can easily be implemented. For example, our system can handle
calculations of type: Is it better to have fair GPA and excellent physical con-
dition or good GPA and good physical condition if you want to teach PE in a
high school. This concept can be easily incorporated into FRDB. For example
queries of type:

SELECT * FROM Students

WHERE GPA FEQ Good WITH priority HIGH

AND MathGrade GEQ 7 WITH priority MEDIUM

AND Sex EQ Male WITH priority LOW

SORT DESC

These type of queries add a new dimension to FRDB. They allow us to
choose based not only on aggregated values of all attributes but also taking onto
account the importance (priority) of a particular attribute. Someone would
argue that instead of priority we can use crisp thresholds for each attributes
giving higher thresholds to the more important attributes but this would lead
to a crisp join of a cuts which could not lead us to the proper answer. In
our model priority reasoning which has theoretical background is incorporated
giving us yet another dimension in knowledge acquisition through data mining.

There are many technical and implementations details to be done in order
for this concept to be implemented but we hope that they will be solved and
we will have a pFSQL i.e. FSQL that can handle priority queries.
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