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Abstract: A fast learning method for morphological neural networks which are formulated 
based on max plus algebra, is proposed. The proposed fast learning method is deduced 
from the idempotent properties of max plus algebra and cost matrices. Through 
experiments using artificial training data sets, it is conformed that the computation time of 
the proposed method is decreased into 60.9-68.6% and 40.9 – 48.3% of that of the 
conventional one, under the condition that the number of middle layer nodes is 4 and 8, 
respectively.  
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1 Introduction 

The recent resurgence of interest in artificial neural networks has brought a deluge 
of publications to the field. Application of neural networks are appearing in a 
wider variety of fields each year. The neural networks are formulated based on not 
only ordinal algebra but also other algebra, e.g., fuzzy algebra [1-3], and max plus 
algebra[4][5]. The max plus algebra based neural networks are generally called 
morphological neural networks which can treat non-linear phenomena in the 
ordinal algebra as linear ones. In this paper, a fast learning method for the 



morphological neural networks is proposed based on the idempotent properties of 
max plus algebra and two cost matrices.  

An experimental comparison using artificial training data sets is performed and 
the effectiveness of the proposed fast learning method is confirmed.  

2 Morphological Neural Networks  

2.1    Networks Representation by Morphological Operations 

Morphological neural networks are constructed based on morphological 
operators [4][5] which are defined as  

{ }max a,b ,                                                      (1) 

                                                          a b+ ,                                                            (2) 

instead of standard addition and multiplication in ordinal algebra, respectively. 
This paper considers morphological neural networks with three layers (input, 
middle, and output layers), as shown in Fig. 1, where the input, middle, and output 
layer vectors with IN , mN , and oN  dimensions respectively, are denoted by  
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and the connections (weights coefficients) between the input and middle layer are 
defined as  

( )jl I mw j = 1,2, , N , l 1,2, , N∈ =… …R ,                      (6) 

and the connection weights between the middle and output layer are defined as  

( )pq m ow p 1,2, , N ,q l 1, 2, , NR′ ∈ = = =… … .                 (7) 
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Figure 1: Topology of morphological neural networks 

According to the definition of morphological operations Eq. (1) and (2), the 
middle layer vector can be calculated as  
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and the output layer vector is calculated as   
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From Eqs. (8) and (9),  
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is obtained.  

2.2    A Learning Method for Morphological Neural Networks  

 To train the morphological neural networks, the train data sets  

( ) ( )( )k k
n, , k 1,2, ,D ,= …x y                                      (11) 

are considered. The output vector ( )ky  is obtained by the morphological neural 

networks with respect to ( )kx  based on Eq. (10), and the difference between ( )ky  

and ( )ky  is defined by  
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By using the difference function Eq. (12), the updating the weight of the 
morphological neural networks is performed according to 2.2.1 and 2.2.2.  



 

2.2.1 Updating of the weight between the output and middle layer 

The updating of the weight is based on the gradient method [2][3] as  
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where  

( ) ( )( ) ( ) ( )( )

( ){ } ( ){ }{ }I m I

k k

k k
q q

pq

N N N
k k

pq jp j rq jr jj 1 r 1 j 1
r ppq

F ,
2 y y

w

w max w x , max w max w x .
w = = =

≠

∂
= ⋅ −

′∂

⎧ ⎫∂ ⎪ ⎪′ ′⋅ + + + +⎨ ⎬′∂ ⎪ ⎪⎩ ⎭

y y

      (14) 

The derivation term of Eq. (14) is defined as  
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2.2.2 Updating of the weight between the middle and input layer 

If ( ) ( ){ }IN
k k

jm j lm ll 1
l j

w x max w x
=
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+ ≥ + , the weight coefficient jmw  between the middle 

and input layer is updated as  
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3 A Fast Learning Method for Morphological Neural 
Networks Based on Cost Matrices 

3.1    Definition of Cost Matrices  

In order to formulate the proposed fast learning method for morphological neural 
networks, two cost matrices are defined as  
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and  
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3.2    A Fast Learning Method Procedure based on Cost 
Matrices   

Based on the definition of cost matrices (Eqs. (19) and (20)), the proposed fast 
learning method procedure for morphological neural networks can be formulated 
as follows. 

Step. 1: Initialize the weight coefficients jmw  and mnw′ , Ij 1,2, , N= … , 

mm 1,2, , N= … , and On 1, 2, , N= …  randomly.  

Step. 2: With respect to the training data set ( ) ( )( )k k,x y , the output ( )ky  is 

calculated by Eq. (10), and the cost matrices 1C  and 2C  are also 
simultaneously calculated through the calculation process (Eq. (10)).  

Step. 3: By using the cost matrices, the updating process (Eqs. (13) – (15)) of 
weight coefficients between the output and middle layer can be modified as: 
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and 
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Step. 4: The updating process (Eqs. (16) and (17)) of weight coefficients 
jm O mw , j 1, 2, , N , m 1,2, , N= =… … , between the middle and input layer can 

be modified as follows:  

If  ( )1C j, m 1=  then  
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Step. 5: If a termination condition 

( ) ( )k k

k
,− < ε∑ y y                                         (24) 

is satisfied, then the learning process is stopped, otherwise go to Step 2. 

4 Experimental Comparisons  

In order to confirm the effectiveness of the proposed method, an experimental 
comparison using artificial training data sets is performed. In this experiment, the 
conventional method and proposed one correspond to the learning algorithm 
described in section 2 and 3, respecrively, and the computation time of them are 
measured. The artifical training data sets from 100 to 1,000 are randomly 
generated and the morphological neural networks with 4 and 8 layers are trained 
by the proposed method and conventional one, respectively. Figures 2 and 3 show 
the computation time comparision of the proposed and conventional method with 
respect to the number of data sets, under the condition that the middle layer is 4 
and 8 nodes, respectively. In Figs. 2 and 3, it is confirmed that the computational 
time of the proposed method is decreased into 60.9-68.6% and 40.9 – 48.3% of 



that of the conventional one, under the condition that the number of middle layer 
nodes is 4 and 8, respectively. 

 

 
Figure 1. Computation time comparision of the proposed method and conventional 

one with respect to data number (middle layer = 4 nodes) 

 

 
Figure 2. Computation time comparision of the proposed method and conventional 

one with respect to data number (middle layer = 8 nodes) 

 

 

 



5 Conclusions 

 A fast learning method for morphological neural networks which is based on max 
plus algebra is proposed. The max plus algebra employs max and standard 
addition instead of standard addition and multiplication, respectively, and the 
proposed learning method is deduced from the properties of idempotent operation 
of max plus algebra and cost matrices.  

 In order to confirm the effectiveness of the proposed method, an experimental 
comparison using artificial training data (100 – 1,000) sets is performed. In this 
experiment, it is conformed that the computation time of the proposed method is 
decreased into 60.9-68.6% and 40.9 – 48.3% of that of the conventional one, 
under the condition that the number of middle layer nodes is 4 and 8, respectively.   
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